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THE OPERATOR (sgnx)Z; IS SIMILAR
TO A SELFADJOINT OPERATOR IN L2(R)

BRANKO CURGUS AND BRANKO NAJMAN

(Communicated by Palle E. T. Jorgensen)

ABSTRACT. Krein space operator-theoretic methods are used to prove that the
operator (sgn x)%f is similar to a selfadjoint operator in the Hilbert space
L2(R). '

Let L be a symmetric ordinary differential expression. Spectral properties
of the operators associated with the weighted eigenvalue problem Lu = Awu
have been studied extensively. When w is positive, this problem leads to a
selfadjoint problem in the Hilbert space L?(w). In recent years there has been
considerable interest in the case when w changes sign; for a survey see [5]
and also [2]. In this case the problem may have nonreal and nonsemisimple
spectrum. Since the problem is symmetric with respect to an indefinite scalar
product, it is natural to consider the problem in the associated Krein space. The
corresponding operator can be studied using the spectral theory of definitizable
selfadjoint operators in Krein spaces. For definitions and basic results of this
theory see [4].

Let (%, [-|-]) be a Krein space, A a definitizable operator in %', and E
the spectral function of A. Of particular interest are the so-called critical
points of A4 where its spectral properties are different from the spectral
properties of a selfadjoint operator in Hilbert space. Definitizable operators may
have at most finitely many critical points. Significantly different behavior of the
spectral function occurs at singular critical points in any neighborhood of which
the spectral function is unbounded. The critical points which are not singular
are called regular. The simplest class of definitizable operators are positive op-
erators with nonempty resolvent set: an operator A is positive if [4x, x] >0,
X € D (A). The spectrum of a positive operator is real; only 0 may be a non-
semisimple eigenvalue; only 0 and co may be critical points. Moreover, if 0 and
oo are not singular critical points and if 0 is not an eigenvalue, then the operator
A 1is a selfadjoint operator in the Hilbert space (%, [(E(Ry) — E(R2))|-]);
see [4, Theorem 5.7].
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