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Consider the w eigh ted eigen v alue problem

Lu = � (sgn x ) u; (1)

on the whole real line R where L = p ( D ) is a p ositiv e symmetric di�eren tial op erator with

constan t co e�cien ts. This problem is a mo del problem for a more general problem Lu = � w u

with L a di�eren tial op erator and w a function taking b oth p ositiv e and negativ e v alues.

Our starting p oin t is the observ ation that the op erator A = (sgn x ) L is symmetric

and p ositiv e with resp ect to the inde�nite inner pro duct [ u; v ] =

R

u ( x ) v ( x )sgn xdx: The

space L

2

( R ) with this inner pro duct is a Krein space. Once w e pro v e that the resolv en t set

� ( A ) is nonempt y , H. Langer's sp ectral theory can b e applied. This sp ectral theory sho ws

that the sp ectrum of A is real and its prop erties on b ounded op en in terv als not con taining

0 are the same as the corresp onding prop erties of a selfadjoin t op erator in a Hilb ert space.

In particular, A has a sp ectral function de�ned on op en in terv als in R with the endp oin ts

di�eren t from 0 and 1 : The p ositiv e (negativ e, resp ectiv ely) sp ectral p oin ts are of p ositiv e

(negativ e, resp.) t yp e. Therefore 0 and 1 are the only p ossible critical p oin ts. A critical

p oin t � is r e gular if the sp ectral function is b ounded near �: In that case the sp ectral function

can b e extended to in terv als with an endp oin t �: A critical p oin t is singular if it is not regular.

If neither 0 nor 1 is a singular critical p oin t, then A is similar to a selfadjoin t op erator in

L

2

( R ) : W e used this fact in [5] to pro v e that A is similar to a selfadjoin t op erator in the case

p ( t ) = t

2

:

In this pap er w e generalize this result to more general p olynomials p: The results

of this pap er are used in the forthcoming pap er [6] to extend the results of [5] to a class of

partial di�eren tial op erators. F or example, in [6] for n > 1 w e pro v e the follo wing.

The op er ator (sgn x

n

)� de�ne d on H

2

( R

n

) is similar to a selfadjoint op er ator in L

2

( R

n

) :

The question of nonsingularit y of the critical p oin t 1 has b een considered in [4].

This question leads to the in v estigation of the domain of A: In the presen t case the op erator



A is p ositiv e (not uniformly p ositiv e as in [4]) and this is wh y the critical p oin t at 0 ma y

app ear as a critical p oin t of in�nite t yp e. If the sp ectrum of A accum ulates at 0 from

b oth sides, then 0 is a critical p oin t of A: T o determine whether it is singular or regular

w e are led to in v estigate the range of A: This question is harder than the in v estigation of

the domain. In Section 1 w e giv e a necessary and su�cien t condition for R ( B ) = R ( C )

for m ultiplication op erators B ; C in L

2

( R ) : W e also pro v e sev eral stabilit y theorems for the

regularit y of the critical p oin ts 0 and 1 of p ositiv e de�nitizable op erators in a Krein space.

As a consequence w e get a stabilit y theorem for the similarit y to a selfadjoin t op erator in

a Hilb ert space. F or related results in this direction see [7]. In Section 2 w e consider the

di�eren tial op erators with constan t co e�cien ts in L

2

( R ) : W e giv e a precise description of

the sp ectrum of the op erator A: Under some additional restrictions on p; w e pro v e that A

is similar to a selfadjoin t op erator in L

2

( R ) : It follo ws from the general op erator theory in

Krein spaces that an op erator whic h is p ositiv e in the Krein space ( L

2

( R ) ; [ � j � ]) and similar

to a selfadjoin t op erator in the Hilb ert space L

2

( R ) has the half-range completeness prop ert y .

W e use this fact in Section 3 to sho w that our results in Section 2 giv e su�cien t conditions

for the half-range completeness prop ert y for the problem (1).

The Sturm-Liouville problem with inde�nite w eigh t has attracted considerable

atten tion; w e men tion the references quoted in [3, 4] for a partial list. The problem of

nonsingularit y of the critical p oin ts of de�nitizable op erators in Krein spaces has b een in-

v estigated in [2, 7 , 8 , 10]. F or di�eren tial op erators with inde�nite w eigh ts the study of this

problem has b een motiv ated b y the in v estigation of the half-range completeness prop ert y ,

cf. [1, 3]. The regularit y of the critical p oin t 0 has b een considered in [5].

F or de�nitions and basic results of the theory of de�nitizable op erators see [9].

1 Abstract Results

In this section w e use the metho d of [2 , Lemma 1.8, Corollary 3.3 and Theorem 3.9] to

in v estigate the regularit y of the critical p oin ts 0 and 1 of a p ositiv e de�nitizable op erator

A in the Krein space ( K ; [ � j � ]) :

The follo wing t w o lemmas are restatemen ts of [2, Theorem 3.9 and Corollary 3.3]

in terms of the critical p oin t 0 : W e pro v e the �rst. The pro of of the second one is analogous.

LEMMA 1.1 L et A = J P b e a p ositive de�nitizable op er ator in the Kr ein sp ac e ( K ; [ � j � ])

such that 0 is not an eigenvalue of P : Assume that � > 0 and the op er ator J P

�

is de�nitizable.

Then the fol lowing statement ar e e quivalent:

(a) The p oint 0 is not a singular critic al p oint of the op er ator J P :

(b) The p oint 0 is not a singular critic al p oint of the op er ator J P

�

:



PR OOF The p oin t 0 is not a singular critical p oin t of J P if and only if it is not a singular

critical p oin t of the op erator P J whic h is similar to J P : F urther, 0 is not a singular critical

p oin t of P J if and only if 1 is not a singular critical p oin t of the op erator J P

� 1

: It follo ws

from [2, Theorem 3.9] that 1 is not a singular critical p oin t of J P

� 1

if and only if 1 is not

a singular critical p oin t of J P

� �

: Clearly , 1 is not a singular critical p oin t of J P

� �

if and

only if 0 is not a singular critical p oin t of P

�

J : Because of the similarit y of the op erators, 0

is not a singular critical p oin t of P

�

J if and only if 0 is not a singular critical p oin t of J P

�

:

This sequence of equiv alen t statemen ts pro v es the lemma. 2

It follo ws from [2, Lemma 1.8] that the op erator J P

� �

is de�nitizable for � = 2

m

with m b eing a p ositiv e in teger.

LEMMA 1.2 L et A and B b e de�nitizable op er ators in the Kr ein sp ac e K such that 0

is neither an eigenvalue of A nor of B : Assume that R ( A ) = R ( B ) : Then the fol lowing

statements ar e e quivalent.

(a) The p oint 0 is not a singular critic al p oint of A:

(b) The p oint 0 is not a singular critic al p oint of B :

Let � b e a measure on R ; g and h nonnegativ e � -measurable functions on R : Denote

b y M

g

the op erator of m ultiplication b y g in L

2

( R ; � ) : W e will rep eatedly use the follo wing

result, whic h giv es necessary and su�cien t conditions for the equalit y of the domains and

the ranges of M

g

and M

h

.

LEMMA 1.3 L et g and h b e nonne gative me asur able functions on R :

(a) The fol lowing statements ar e e quivalent:

(i) D ( M

g

) = D ( M

h

)

(ii) The functions

h

1+ g

and

g

1+ h

ar e essential ly b ounde d.

(b) The fol lowing statements ar e e quivalent:

(i) R ( M

g

) = R ( M

h

) :

(ii) Ther e exists a c onstant C � 0 such that

g � C h (1 + g ) � -a.e. and h � C g (1 + h ) � -a.e. : (2)

PR OOF The statemen t (a) is eviden t.

(b) F or a � -measurable function f denote the set f x 2 R j f ( x ) = 0 g b y N

f

: Note that

eac h of the conditions (a) and (b) implies that N

g

= N

h

= N : Therefore N ( M

g

) = N ( M

h

)

consists of functions f 2 L

2

( R ; � ) with the supp ort con tained in N : Let

G ( x ) = H ( x ) = 0 ( x 2 N ) ; G ( x ) =

1

g ( x )

; H ( x ) =

1

h ( x )

( x 2 R n N ) :



It follo ws from (a) that the condition (ii) is equiv alen t to D ( M

G

) = D ( M

H

) : Since D ( M

G

) =

R ( M

g

) � N ( M

g

) ; w e conclude that (i) and (ii) are equiv alen t. 2

A p olynomial p is nonne gative if p ( x ) � 0 for all x 2 R :

EXAMPLE 1 Let h b e a nonnegativ e p olynomial of degree 2 k in one v ariable. If g ( t ) = t

2 k

;

then h and g satisfy the conditions of Lemma 1.3 (a).

EXAMPLE 2 Let h b e a nonnegativ e p olynomial. Then h ( t ) = ag ( t )

~

h ( t ) ; where a > 0 ;

~

h is a p ositiv e p olynomial without real ro ots and g ( t ) = ( t � r

1

)

2 k

1

� � � ( t � r

m

)

2 k

m

: Then h

and g satisfy the condition (ii) of Lemma 1.3 (b).

THEOREM 1.4 L et S b e a selfadjoint op er ator in the Hilb ert sp ac e ( K ; ( � j � )) such that

J S

2

is a de�nitizable op er ator in the Kr ein sp ac e ( K ; [ � j � ]) : L et � > 0 and let h b e a non-

ne gative c ontinuous function. Assume that the op er ators J j S j

�

and J h ( S ) ar e de�nitizable.

(a) Assume that the functions g ( t ) = j t j

�

and h satisfy the c onditions of L emma 1.3 (a) .

Then the fol lowing statements ar e e quivalent.

(i) The p oint 1 is not a singular critic al p oint of J S

2

:

(ii) The p oint 1 is not a singular critic al p oint of J h ( S ) :

(b) Assume that 0 is not an eigenvalue of S and that the functions g ( t ) = j t j

�

and h satisfy

the c ondition (2) . Then the fol lowing statements ar e e quivalent.

(i) The p oint 0 is not a singular critic al p oint of J S

2

:

(ii) The p oint 0 is not a singular critic al p oint of J h ( S ) :

PR OOF W e pro v e (b). The pro of of (a) is similar. Lemma 1.1 implies that 0 is not a

singular critical p oin t of J S

2

if and only if it is not a singular critical p oin t of J j S j

�

:

It follo ws from Lemma 1.3 (b) that for an y Borel measure � the m ultiplication

op erators M

g

and M

h

in L

2

( R ; � ) ha v e the same range. The Sp ectral Theorem, see [11 , The-

orem 7.18], implies R ( j S j

�

) = R ( h ( S )) : Therefore, R ( J j S j

�

) = R ( J h ( S )) : The conclusion

follo ws from Lemma 1.2. 2

COR OLLAR Y 1.5 L et S b e a selfadjoint op er ator in the Hilb ert sp ac e ( K ; ( � j � )) such that

0 is not an eigenvalue of S and such that J S

2

is a de�nitizable op er ator in the Kr ein sp ac e

( K ; [ � j � ]) : L et � and � b e p ositive numb ers and let h b e a nonne gative c ontinuous function.

L et g

1

( t ) = j t j

�

and g

2

( t ) = j t j

�

: Assume that the functions g

1

and h satisfy the c onditions

of L emma 1.3 (a) and that the functions g

2

and h satisfy the c ondition (2) . Assume that

the op er ators J j S j

�

; J j S j

�

and J h ( S ) ar e de�nitizable. Then the fol lowing statements ar e

e quivalent.

(i) The op er ator J S

2

is similar to a selfadjoint op er ator in ( K ; ( � j � )) :

(ii) The op er ator J h ( S ) is similar to a selfadjoint op er ator in ( K ; ( � j � )) :



2 Di�eren tial Op erators with Constan t Co e�cien ts

In this section w e apply the results from Section 1 to a class of p ositiv e ordinary di�eren tial

op erators with constan t co e�cien ts.

In the follo wing, a ro ot of m ultiplicit y m of a p olynomial is coun ted as m ro ots.

Denote b y C

+

(resp ectiv ely C

�

) the set of all complex n um b ers z suc h that Im z > 0

(resp ectiv ely Im z < 0).

W e consider an ev en order p olynomial

p ( z ) = a

0

z

2 n

+ a

1

z

2 n � 1

+ � � � + a

2 n � 1

z + a

2 n

: (3)

with real co e�cien ts a

j

.

F or the reader's con v enience w e giv e a pro of of the follo wing lemma.

LEMMA 2.1 L et p b e a p olynomial of de gr e e 2 n with r e al c o e�cients. L et � b e a c omplex

numb er.

(a) If � is nonr e al, then the p olynomial e quation

p ( z ) � � = 0 (4)

has exactly n solutions in C

+

and exactly n solutions in C

�

:

(b) If � is r e al, then the e quation (4) has at most n solutions in C

+

:

PR OOF (a) Let n

+

( � ) b e the n um b er of solutions of (4) in C

+

: Since (4) has no real

solutions, it follo ws that n

+

( � ) is constan t for � 2 C

+

: Note that the equation a

0

z

2 n

= �

has exactly n solutions with p ositiv e imaginary parts, an application of Rouc he's theorem

sho ws that n

+

( � ) = n for j � j su�cien tly large.

The claim (b) is eviden t. 2

Denote D = � i

d

dx

: W e consider the sp ectral problem

p ( D ) f ( x ) = � (sgn x ) f ( x ) ; x 2 R ; (5)

F or a p olynomial q of degree k ; q ( D ) denotes the constan t co e�cien t di�eren tial op erator in

the Hilb ert space L

2

( R ) de�ned on the Sob olev space H

k

( R ) :

Let J b e the m ultiplication op erator de�ned b y

( J f )( x ) = (sgn x ) f ( x ) ; x 2 R :

Then the problem (5) can b e written in terms of op erators as

p ( D ) f = �J f ; f 2 H

2 n

( R ) ; (6)



or, equiv alen tly ,

J p ( D ) f = �f ; f 2 H

2 n

( R ) : (7)

It is natural to study the problem (7) in the Krein space K = L

2

( R ) with the scalar pro duct

[ f ; g ] =

R

R

f ( x ) g ( x )sgn x dx . The m ultiplication op erator J is a fundamen tal symmetry on

K and the corresp onding p ositiv e de�nite scalar pro duct is the standard scalar pro duct in

L

2

( R ) :

Since p has real co e�cien ts the op erator p ( D ) is selfadjoin t in the Hilb ert space

L

2

( R ) : Therefore, the op erator J p ( D ) is selfadjoin t in the Krein space K : A selfadjoin t

op erator in a Krein space ma y ha v e empt y resolv en t set. In the next theorem w e sho w that

this is not the case for the op erator J p ( D ) :

THEOREM 2.2 L et p b e an even or der p olynomial with r e al c o e�cients. L et A = J p ( D ) :

(a) The sp e ctrum of the op er ator A is r e al.

(b) The op er ator A has no eigenvalues. Its r esidual sp e ctrum is empty.

(c) The c ontinuous sp e ctrum of A is given by

�

c

( A ) = ( �1 ; � m

p

] [ [ m

p

; + 1 ) ; wher e m

p

= min f p ( x ) : x 2 R g : (8)

PR OOF (a) Let � b e an arbitrary nonreal complex n um b er. W e ha v e to pro v e that the

op erator A � � I has a b ounded in v erse. Since the op erators J and p ( D ) are closed, it is

su�cien t to pro v e that p ( D ) � � J is a bijection of H

2 n

( R ) on to L

2

( R ) : Let g 2 L

2

( R ) : The

sp ecial restriction of p ( D ) de�ned in L

2

( R

�

) with the domain consisting of all functions f in

H

2 n

( R

�

) suc h that f

( j )

(0) = 0 ; j = 0 ; : : : ; n � 1 ; is selfadjoin t in the Hilb ert space L

2

( R

�

) :

Therefore, the b oundary v alue problems

( p ( D ) y )( x ) � � y ( x ) = g ( x ) ; x 2 R

�

; y 2 H

2 n

( R

�

)

y

( j )

(0) = 0 ; j = 0 ; : : : ; n � 1

ha v e unique solutions y

�

in H

2 n

( R

�

) :

No w consider the homogeneous equation

p ( D ) y � � y = 0 ; y 2 H

2 n

( R

+

) : (9)

In order to �nd the fundamen tal set of solutions of (9) w e ha v e to solv e the p olynomial

equation p ( � iz ) � � = 0 : Since � is nonreal, w e can apply Lemma 2.1 (a) and conclude

that this equation has n ro ots z

+

j

; j = 1 ; : : : ; n; with negativ e real parts. These ro ots in the

standard w a y lead to n linearly indep enden t solutions  

+

j

; j = 1 ; : : : ; n of (9) whic h are in

H

2 n

( R

+

) :

T o �nd the fundamen tal set of solutions of the homogeneous equation

p ( D ) y + � y = 0 ; y 2 H

2 n

( R

�

) : (10)



w e ha v e to �nd the ro ots of p ( � iz ) + � = 0 with p ositiv e real parts. By Lemma 2.1 (a) there

are n suc h ro ots; denote them b y z

�

j

; j = 1 ; : : : ; n: These ro ots in the standard w a y lead to n

linearly indep enden t solutions  

�

j

; j = 1 ; : : : ; n of (10) whic h are in H

2 n

( R

�

) : Since the set

f z

+

j

; j = 1 ; : : : ; n g is disjoin t from the set f z

�

j

; j = 1 ; : : : ; n g ; the set f  

+

j

;  

�

j

; j = 1 ; : : : ; n g

is linearly indep enden t and moreo v er it is a basis of solutions of the homogeneous equation

q ( D ) y = 0 ; where q ( t ) =

n

Y

j =1

( t + iz

+

j

)( t + iz

�

j

) : Therefore the W ronskian of f  

+

j

;  

�

j

; j =

1 ; : : : ; n g do es not ha v e zeros.

Ev ery solution f 2 H

2 n

( R ) of the equation

p ( D ) f � � J f = g (11)

m ust satisfy

f ( x ) =

8

>

>

>

>

<

>

>

>

>

:

y

�

( x ) +

n

X

j =1

c

�

j

 

�

j

( x ) ; x 2 R

�

y

+

( x ) +

n

X

j =1

c

+

j

 

+

j

( x ) ; x 2 R

+

for some complex n um b ers c

�

j

; c

+

j

; j = 1 ; : : : ; n: The con tin uit y of f

( j )

; j = 0 ; 1 ; : : : ; 2 n � 1

at 0 leads to a system of 2 n linear equations in c

�

j

; c

+

j

; j = 1 ; : : : ; n: The determinan t of

this system is the W ronskian of the functions  

+

j

;  

�

j

; j = 1 ; : : : ; n ev aluated at 0 : Since this

determinan t is not 0 ; the system has unique solution. Therefore, the equation (11) has a

unique solution, i.e., p ( D ) � � J is bijection of H

2 n

( R ) on to L

2

( R ) : Consequen tly , � is in the

resolv en t set of A:

(b) Let � 2 R and let y 2 H

2 n

( R ) b e a solution of the equation

p ( D ) y � � J y = 0 :

The restriction y

+

( y

�

, resp.) of y to R

+

( R

�

, resp.) satis�es the equation (9) ((10),

resp ectiv ely). Applying Lemma 2.1 (b) and arguing as in the pro of of (a), w e conclude

that the equation (9)((10), resp ectiv ely), has k

+

� n ( k

�

� n; resp.) linearly indep enden t

solutions  

+

j

; j = 1 ; : : : ; k

+

(  

�

j

; j = 1 ; : : : ; k

�

; resp.). Moreo v er, the W ronskian of

f  

+

1

; : : :  

+

k

+

;  

�

1

; : : : ;  

�

k

�

g

is no where 0 : Since y

+

( y

�

, resp.) is a linear com bination of  

+

j

; j = 1 ; : : : ; k

+

(  

�

j

; j =

1 ; : : : ; k

�

; resp ectiv ely) the con tin uit y of y

( m )

for m = 0 ; 1 ; : : : ; k

+

+ k

�

� 1 at 0 implies y

+

= 0

and y

�

= 0 : Hence y = 0 : Since A is selfadjoin t in K it cannot ha v e real n um b ers in residual

sp ectrum.

(c) W e use I. M. Glazman's decomp osition metho d. De�ne A

�

in L

2

( R

�

) b y D ( A

�

) =

H

2 n

( R

�

) \ H

n

0

( R

�

) and A

�

y = � p ( D ) y ; y 2 D ( A

�

) : The op erator A

�

( A

+

; resp ectiv ely)

is a selfadjoin t op erator in L

2

( R

�

) ( L

2

( R

+

) ; resp.). The con tin uous sp ectrum of A

�

( A

+

;



resp ectiv ely) is ( �1 ; � m

p

] ([ m

p

; + 1 ) ; resp.). The op erator A

�

� A

+

is selfadjoin t in L

2

( R )

and its con tin uous sp ectrum is the union of the con tin uous sp ectra of A

�

and A

+

: The

op erators A and A

�

� A

+

ha v e the same con tin uous sp ectrum. Therefore, b y (b), � ( A ) =

�

c

( A ) = �

c

( A

�

) [ �

c

( A

+

) : 2

THEOREM 2.3 L et p b e a nonne gative p olynomial. L et A = J p ( D ) :

(a) The op er ator A is a p ositive de�nitizable op er ator.

(b) The p oint 1 is a r e gular critic al p oint of A:

(c) The p oint 0 is a critic al p oint of A if and only if 0 2 � ( A ) ; or e quivalently, if and only

if m

p

= min f p ( x ) j x 2 R g = 0 :

PR OOF (a) The de�nitizabilit y of the p ositiv e op erator A follo ws from Theorem 2.2.

The p ositivit y of A and the equalit y (8) imply the statemen t (c) and the fact that

1 is a critical p oin t of J p ( D ) :

Since the op erators A = J p ( D ) and J D

2 n

are de�nitizable the op erator D satis�es

all the assumptions for S in Theorem 1.4 (a). By [5], 1 is not a singular critical p oin t of

J D

2

: By Example 1 the functions h = p and g ( t ) = t

2 n

satisfy the conditions of Lemma 1.3

(a). Therefore w e can apply Theorem 1.4 (a) to conclude that 1 is not a singular critical

p oin t of A: 2

It follo ws from Theorem 2.3 that A is similar to a selfadjoin t op erator in L

2

( R )

if m

p

> 0 : The same is true if m

p

= 0 and 0 is a regular critical p oin t of A: In the next

theorem w e giv e a su�cien t condition for p under whic h 0 is a regular critical p oin t of A:

Let a b e an arbitrary real n um b er. Denote b y V ( a ) the m ultiplication op erator on

L

2

( R ) de�ned b y ( V ( a ) f )( x ) = e

iax

f ( x ) ; x 2 R : Simple calculations sho w that the follo wing

prop osition holds.

PR OPOSITION 2.4 The op er ators J D

2 n

and J ( D + aI )

2 n

ar e similar:

V ( a )

� 1

J D

2 n

V ( a ) = J ( D + aI )

2 n

:

THEOREM 2.5 L et p b e a nonne gative p olynomial with exactly one r e al r o ot. Then 0 is

a r e gular critic al p oint of A = J p ( D ) : The op er ator A is similar to a selfadjoint op er ator in

L

2

( R ) :

PR OOF Let a b e the single real ro ot of p: By Prop osition 2.4 the op erators J D

2

and

J ( D � aI )

2

are similar. Therefore the op erator J ( D � aI )

2

is similar to a selfadjoin t op erator

in L

2

( R ) : Put S = D � aI and q ( x ) = p ( x + a ) :

Then q satis�es all the assumptions for h in Corollary 1.5 and J q ( S ) = J p ( D ) :

Since J S

2

is similar to a selfadjoin t op erator in L

2

( R ) ; Corollary 1.5 implies that J q ( S ) =

J p ( D ) is similar to a selfadjoin t op erator in L

2

( R ) : 2



3 Half-range Completeness

Let A b e a p ositiv e op erator in the Krein space K = ( L

2

( R ) ; [ � j � ]) : Assume that A has a

nonempt y resolv en t set. Let K

�

b e the set of all functions f in L

2

( R ) whic h v anish on the

set R

�

: Then K = K

+

� K

�

is a fundamen tal decomp osition of K :

Assume that neither 0 nor 1 are singular critical p oin ts of A: Let E b e the sp ectral

function of A: Then the op erator A is a selfadjoin t op erator in the Hilb ert space ( K ; [( E ( R

+

) �

E ( R

�

)) � ; � ]); see [9, Theorem 5.7]. The corresp onding fundamen tal decomp osition is K =

L

+

� L

�

; where L

�

= E ( R

�

) K : This fundamen tal decomp osition reduces A: Let P

�

b e the

orthogonal pro jection in K to K

�

: Then the restriction

T

�

:= P

�

j

L

�

: L

�

� ! K

�

is a b ounded and b oundedly in v ertible bijection of L

�

on to K

�

: Let f

�

2 K

�

: Then T

� 1

�

f

�

2

L

�

: Therefore

T

� 1

�

f

�

=

Z

R

�

dE ( t ) T

� 1

�

f

�

:

Since P

�

is con tin uous w e get

f

�

=

Z

R

�

dP

�

E ( t ) T

� 1

�

f

�

=

Z

R

�

dF

�

( t ) f

�

;

where F

�

( { ) = P

�

E ( { ) T

� 1

�

; for { an op en in terv al in R

�

: Then F

�

is a pro jection v alued

measure on R

�

:

W e ha v e pro v ed that the elemen ts f

�

from K

�

can b e represen ted as in tegrals o v er

R

�

with resp ect to the measure F

�

( � ) f

�

whic h is obtained b y orthogonally pro jecting the

sp ectral measure E ( � ) T

� 1

�

f

�

on to K

�

: This is exactly the con tin uous analogue of the familiar

concept of half-range completeness prop ert y in the discrete sp ectrum case; see [1 ].

This prop ert y holds in particular for the op erators from Theorem 2.5.
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