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It is sho wn that the op erators asso ciated with the p erturb ed w a v e equation in I R

n

and with the elliptic op erators with an inde�nite w eigh t function and mildly v arying

co e�cien ts on I R

n

are similar to a selfadjoin t op erator in a Hilb ert space. These op erators

ha v e the whole I R as the sp ectrum. It is sho wn that they are p ositiv e op erators in

corresp onding Krein spaces, and the whole problem is reduced to sho wing that 0 is not

a singular critical p oin t.

1. In tro duction

Let K b e a Krein space, A a p ositiv e op erator in K with nonempt y resolv en t

set. Then A has a sp ectral function with the only p ossible critical p oin ts b eing

0 and 1 : In [3] w e found su�cien t conditions for a p erturbation B in order that

A

1

= A + B b e also a p ositiv e op erator with nonempt y resolv en t set and that the

nonsingularit y of 0 and/or 1 p ersists under this p erturbation. W e refer to [8] for

the de�nitions and prop erties of Krein space op erators.

In this note w e giv e examples of an op erator A and a p erturbation B suc h that

b oth 0 and 1 are regular critical p oin ts of A

1

= A + B and hence A

1

is similar to a

selfadjoin t op erator in a Hilb ert space. Note that in these examples b oth 0 and 1

are critical p oin ts of in�nite rank, i.e. there do es not exist a neigh b ourho o d � of

one of these t w o p oin ts suc h that E (�) K is a P on try agin space. The examples are

the op erator asso ciated with the p erturb ed w a v e equation and an elliptic op erator

with an inde�nite w eigh t. The w a v e equation example implies a w ell-p osedness

result whic h seems to b e di�cult to pro v e without the Krein space theory . F or

other examples of 0 b eing a regular critical p oin t of a p ositiv e op erator w e refer

to [5].

In [3] w e ha v e pro v ed the follo wing result:

Theorem 1.1. L et ( K ; [ � j � ]) b e a Kr ein sp ac e and a and b two symmetric forms in

K : Assume that a is close d, symmetric and p ositive (by p ositive we me an a ( x ) > 0

for al l x 2 D ( a ) ; x 6= 0) . F urther assume that D ( a ) � D ( b ) and that ther e exist

r e al numb ers � and � such that

� �

b ( x )

a ( x )

� � for all x 2 D ( a ) :(1.1)
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L et

a

�

= a + �b; � 2 I R :

F or �� > � 1 the form a

�

is also a close d p ositive symmetric form on D ( a ) : L et A

and A

�

b e the p ositive selfadjoint op er ators asso ciate d in ( K ; [ � j � ]) with a and a

�

;

r esp. (se e [7]). Assume that the op er ator A has nonempty r esolvent set and that

1 is not a singular critic al p oint of A:

Ther e exist r e al numb ers �

�

such that �

�

< 0 < �

+

and that for �

�

< � < �

+

the op er ator A

�

has nonempty r esolvent set and that 1 is not its singular critic al

p oint. Mor e over fol lowing statements ar e e quivalent.

(i) 0 is not a singular critic al p oint of A:

(ii) 0 is not a singular critic al p oint of A

�

:

(iii) A is similar to a selfadjoint op er ator in ( K ; ( � j � )) :

(iv) A

�

is similar to a selfadjoint op er ator in ( K ; ( � j � )) :

2. P erturb ed w a v e equation

The example to b e describ ed is an extension of the example in [2 , 6].

Let G b e a Hilb ert space with a scalar pro duct ( � j � ) ; H a nonnegativ e injectiv e

selfadjoin t op erator in G : F or � 2 I R let G

�

b e the Hilb ert space completion of

( D ( H

�

) ; ( H

�

� j H

�

� )) : Denote b y k � k

�

the norm of this Hilb ert space. The

op erator H

�

can b e extended to an isometry b et w een G

�

and G

� � �

: Denote b y H

the Hilb ert space G

1 = 4

� G

� 1 = 4

and b y h � j � i its natural scalar pro duct. If x 2 G

1 = 4

then j ( x j y ) j � k x k

1 = 4

k y k

� 1 = 4

( y 2 G ) : Therefore the scalar pro duct ( � j � ) can b e

extended b y con tin uit y from G

1 = 4

� G to G

1 = 4

� G

� 1 = 4

and similarly from G � G

1 = 4

to G

� 1 = 4

� G

1 = 4

: De�ne an inde�nite scalar pro duct on H b y

[ x j y ] = ( x

1

j y

2

) + ( x

2

j y

1

) ; x = ( x

1

; x

2

) ; y = ( y

1

; y

2

) 2 H :

The space H with the inde�nite scalar pro duct [ � j � ] is a Krein space. The funda-

men tal symmetry is

J =

�

0 H

� 1 = 2

H

1 = 2

0

�

:

De�ne the op erator A in H on D ( A ) = G

3 = 4

� G

1 = 4

b y

A =

�

0 I

H 0

�

:

The op erator A is a selfadjoin t op erator in ( H ; [ � j � ]) : Since

[ A x j x ] = ( H x

1

j x

1

) + ( x

2

j x

2

) ; x = ( x

1

; x

2

) 2 D ( A ) ;(2.1)
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the op erator A is p ositiv e in ( H ; [ � j � ]) : The form [ A x j y ] ; x; y 2 D ( A ) is closable.

Let a b e its closure. It follo ws from (2.1) that the domain of a is D ( a ) = G

1 = 2

� G

and that

a ( x; y ) = ( H

1 = 2

x

1

j H

1 = 2

y

1

) + ( x

2

j y

2

) ; x = ( x

1

; x

2

) ; y = ( y

1

; y

2

) 2 D ( a ) :

Since the op erators A and J comm ute w e ha v e:

Lemma 2.1. The op er ator A is similar to a selfadjoint op er ator in H : In p artic-

ular, neither 1 nor 0 is a singular critic al p oint of A :

Let q and V b e symmetric H

1 = 2

� b ounded op erators in G : W e de�ne the form

b on D ( b ) = D ( a )

b ( x; y ) = ( q x

1

j q y

1

) + ( V x

1

j y

2

) + ( x

2

j V y

1

) ; x = ( x

1

; x

2

) ; y = ( y

1

; y

2

) 2 D ( a ) :

The op erator formally asso ciated with the form b in ( H ; [ � j � ]) is

B =

�

V 0

q

2

V

�

:

Lemma 2.2. Under ab ove assumptions

� �

b ( x )

a ( x )

� � for all x 2 D ( a ) :(2.2)

wher e � =

1

2

( k q H

� 1 = 2

k

2

� ( k q H

� 1 = 2

k

4

+ 4 k V H

� 1 = 2

k

2

)

1 = 2

) ;

� =

1

2

( k q H

� 1 = 2

k

2

+ ( k q H

� 1 = 2

k

4

+ 4 k V H

� 1 = 2

k

2

)

1 = 2

) :

P r o o f . Let x = ( x

1

; x

2

) 2 D ( a ) = G

1 = 2

� G and let r ( x ) =

b ( x )

a ( x )

: Then

r ( x ) =

k q x

1

k

2

+ 2 Re( V x

1

j x

2

)

k H

1 = 2

x

1

k

2

+ k x

2

k

2

:

Set y

1

= H

1 = 2

x

1

; x

2

= y

2

: Note that the mapping x 7! y = ( y

1

; y

2

) is a bijection

of D ( a ) on to G � G : Then

r ( y ) =

k q H

� 1 = 2

y

1

k

2

+ 2 Re ( V H

� 1 = 2

y

1

j y

2

)

k y

1

k

2

+ k y

2

k

2

;

hence for ev ery 
 > 0

r ( y ) �

( k q H

� 1 = 2

k

2

+ 
 k V H

� 1 = 2

k

2

) k y

1

k

2

+

1




k y

2

k

2

k y

1

k

2

+ k y

2

k

2

;

r ( y ) �

( k q H

� 1 = 2

k

2

� 
 k V H

� 1 = 2

k

2

) k y

1

k

2

�

1




k y

2

k

2

k y

1

k

2

+ k y

2

k

2

:



4

�

Curgus, Na jman

Pic king �rst


 =

�k q H

� 1 = 2

k

2

+ ( k q H

� 1 = 2

k

4

+ 4 k V H

� 1 = 2

k

2

)

1 = 2

2 k V H

� 1 = 2

k

2

and then


 =

k q H

� 1 = 2

k

2

+ ( k q H

� 1 = 2

k

4

+ 4 k V H

� 1 = 2

k

2

)

1 = 2

2 k V H

� 1 = 2

k

2

;

w e �nd � � r ( y ) � � : 2

Corollary 2.3. Ther e exist numb ers �

�

< 0 < �

+

such that for � 2 ( �

�

; �

+

)

the form a

�

= a + � b de�ne d on G

1 = 2

� G is close d, symmetric and b ounde d fr om

b elow.

Let A

�

b e the asso ciated op erator in the Krein space ( H ; [ � j � ]) : F rom Lemmas

2.1, 2.2, and a result of P . Jonas (see [3 , Prop osition 6]) it follo ws that A

�

is a

p ositiv e op erator with nonempt y resolv en t set. F rom Theorem 1.1 (iii) and Lemma

2.1 w e conclude (compare also to [2 , Theorem 3.5])

Theorem 2.4. L et q and V b e symmetric H

1 = 2

� b ounde d op er ators in G : Then

for r e al � with j � j su�ciently smal l, the op er ator A

�

is similar to a selfadjoint

op er ator in the Hilb ert sp ac e ( H ; ( � j � )) :

It follo ws from Theorem 2.4 that the op erator i A

�

generates a uniformly b ounded

C

0

group of op erators in H : Since the Cauc h y problem

�

d

dt

� i�V

�

2

u + ( H + �q

2

) u = 0 ; u (0) = u

0

;

du

dt

(0) = u

1

;(2.3)

can b e written as

dU

dt

= i A

�

U; U (0) = U

0

; where U =

�

u

�

� i

d

dt

� �V

�

u

�

:

it follo ws that the Cauc h y problem (2.3) is w ell-p osed in G

1 = 4

� G

� 1 = 4

:

In particular, if G = L

2

(I R

n

) and H is the selfadjoin t realization of the Laplace

op erator in G ; then w e obtain a w ell-p osedness result for the p erturb ed w a v e

equation in I R

n

: Note that the b oundedness of f H

� 1 = 2

in this case amoun ts to the

inequalit y

Z

I R

n

j f u j

2

�

Z

I R

n

jr u j

2

for all u 2 C

1

o

(I R

n

) :

W e refer to the inequalit y (IV.4.6) in [7] for su�cien t conditions to satisfy this

inequalit y .
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3. Elliptic op erators with mildly v arying co e�cien ts on I R

n

F or simplicit y , w e consider only the second order op erators. Consider form

a

1

( x; y ) =

X

j � j + j � j� 2

Z

a

��

D

�

xD

�

y

on D ( a

1

) = H

1

(I R

n

) where w e assume

(i) for all �; � w e ha v e a

��

2 L

1

(I R

n

)

(ii) F or some w eakly mixed elliptic p olynomial (see [1 ])

p ( x ) =

X

j � j + j � j� 2

a

o

��

x

� + �

w e ha v e max

�;�

fk a

��

� a

o

��

k

L

1

(I R

n

)

g < r ;

where r is a n um b er to b e sp eci�ed later.

W e are in terested in the op erator A

1

= (sgn x

n

)

X

j � j + j � j� 2

D

�

a

��

D

�

: Denote

a ( x; y ) =

X

j � j + j � j� 2

Z

a

o

��

D

�

xD

�

y ; b ( x; y ) =

X

j � j + j � j� 2

Z

( a

��

� a

o

��

) D

�

xD

�

y

for x; y 2 D ( a ) = H

1

(I R

n

) :

F rom the ellipticit y of p w e �nd the constan t C > 0 suc h that a ( x ) � C k u k

2

H

1

(I R

n

)

:

F rom our assumption j b ( x ) j � K r a ( x ) ; x 2 D ( a ) with K dep enden t on a only .

Hence for r su�cien tly small, all our assumptions are satis�ed. Since the op era-

tor J A; J = sgn x

n

; is similar to a selfadjoin t op erator in L

2

(I R

n

) b y [1 ], if r is

su�cien tly small the op erator A

1

has the same prop ert y .

Similar results hold for the op erator A =

1

w

L where L is a second order p ositiv e

elliptic op erator in L

2

(I R

n

) (or, more generally , in L

2

(
) with appropriate b ound-

ary conditions) with constan t co e�cien ts and w is a function whic h v anishes on a

set of measure zero and whic h attains p ositiv e and negativ e v alues on sets of p os-

itiv e measure. With its natural domain, the op erator A is a selfadjoin t op erator

in the Krein space L

2

w

: W e consider the p erturbations of the form B =

1

w

q ; where

q is a function. Then the forms a and b are giv en b y

a ( x; y ) = ( Lx; y ) ; b ( x; y ) =

�

(sgn q ) j q j

1 = 2

x; j q j

1 = 2

y

�

:

Then

b

a

is b ounded if and only if

kj q j

1 = 2

x k

2

L

2

a ( x )

is b ounded. This is equiv alen t to

j q j

1 = 2

L

� 1 = 2

b eing a b ounded op erator in L

2

: Su�cien t conditions for that can b e

found in the literature; su�cien t conditions for the b oundedness of this op erator

in the case of �nite domain 
 can b e found in [4 ].
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