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W e c haracterize a class of inde�nite partial di�eren tial op erators whic h are similar to

selfadjoin t op erators in the Hilb ert space L

2

( R

n

).

1. In tro duction

In this pap er w e consider the w eigh ted eigen v alue problem

Lu = � (sgn x

n

) u; (1.1)

on the whole space R

n

where L = p ( D ) is a p ositiv e symmetric partial di�eren tial

op erator with constan t co e�cien ts. Our goal is to c haracterize a class of nonnega-

tiv e p olynomials p for whic h the op erator asso ciated with the problem (1.1) in the

Hilb ert space L

2

( R

n

) is similar to a selfadjoin t op erator. F or example, our results

imply that the op erator (sgn x

n

)� de�ned on H

2

( R

n

) is similar to a selfadjoin t

op erator in L

2

( R

n

).

The natural setting to study the problem (1.1) is the space L

2

( R

n

) with the

inde�nite inner pro duct [ u; v ] =

R

u ( x ) v ( x ) sgn x

n

dx: The space L

2

( R

n

) with this

inner pro duct is a Krein space. The op erator A = (sgn x

n

) L is p ositiv e in this

Krein space. In order to apply H. Langer's sp ectral theory of de�nitizable op erators

in Krein spaces w e need to pro v e that the resolv en t set � ( A ) is not empt y . In the

setting of this pap er, a useful to ol for this is a simple result stated in Lemma 2.1.

The sp ectral theory of de�nitizable op erators is a generalization of the sp ectral

theory of selfadjoin t op erators in Hilb ert spaces. In particular, a de�nitizable

op erator in a Krein space has a sp ectral function. With exception of �nitely man y

critical p oin ts this sp ectral function has prop erties analogous to the prop erties of

the sp ectral function of a selfadjoin t op erator in a Hilb ert space. De�nitizable

op erators in this pap er are of the simplest kind: p ositiv e op erators in a Krein

space with nonempt y resolv en t set. F or suc h op erators only 0 and 1 ma y b e

critical p oin ts. The pro jector v alued sp ectral function G of a p ositiv e op erator A

with nonempt y resolv en t set is de�ned on op en in terv als in R with the endp oin ts

di�eren t from 0 and 1 : The ranges of pro jectors corresp onding to in terv als with

p ositiv e endp oin ts are Hilb ert subspaces and the ranges of pro jectors corresp onding

y

Brank o Na jman died unexp ectedly in August 1996.
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to in terv als with negativ e endp oin ts are an ti-Hilb ert subspaces of the Krein space

L

2

( R

n

). In general, for a de�nitizable op erator T with the sp ectral function E in

a Krein space K a sp ectral p oin t � is of p ositive typ e ( ne gative typ e ) if there exists

an op en in terv al { suc h that � 2 { and the range E ( { ) K is a Hilb ert (an ti-Hilb ert)

subspace of K . A sp ectral p oin t of T is critic al if it is neither of p ositiv e nor of

negativ e t yp e. A critical p oin t � is r e gular if the sp ectral function is b ounded near

�: A critical p oin t is singular if it is not regular. F or a p ositiv e op erator A the

p oin ts 0 and 1 are the only p ossible critical p oin ts of A .

W e are primarily in terested in the case when neither 0 nor 1 is a singular critical

p oin t of A . In this case A is similar to a selfadjoin t op erator in L

2

( R

n

) : When n = 1

and p ( t ) = t

2

w e pro v ed in [5] that A is similar to a selfadjoin t op erator in L

2

( R ).

In [13 ] this result w as extended to more general w eigh t functions (see also Example

3.6 b elo w) and in [6 ] the result w as extended to more general p olynomials p (see

also Corollary 3.5 b elo w). In this pap er w e c haracterize a class of p olynomials p

in n v ariables for whic h the corresp onding op erator A = (sgn x

n

) p ( D ) is similar

to a selfadjoin t op erator in the Hilb ert space L

2

( R

n

). The problem with a de�nite

discon tin uous w eigh t has recen tly b een considered in [19 ].

The question of regularit y of the critical p oin t 1 of de�nitizable op erators in

Krein spaces has attracted considerable in terest, see for example [2 , 14 , 15 , 23 ].

Corresp onding questions for the Sturm-Liouville problem and the elliptic eigen-

v alue problem with inde�nite w eigh t w ere also studied extensiv ely , see the refer-

ences in [3, 4 , 10 , 11 , 12 , 24 ]. One of the reasons for this is the follo wing: if a

de�nitizable op erator T in a Krein space K has a discrete sp ectrum, only 1 ma y

b e an accum ulation p oin t of sp ectral p oin ts of b oth p ositiv e and negativ e t yp e.

In this case regularit y of the critical p oin t 1 is equiv alen t to the existence of a

Riesz basis of K whic h consists of eigen v ectors and generalized eigen v ectors of T

(see [4 , Prop osition 2.3]). The regularit y of the critical p oin t 1 of a de�nitizable

op erator w as c haracterized in [2] in terms of the op erator domain. This w as used

in [3] (case n = 1) and in [4] (case n > 1) to pro v e regularit y of the critical p oin t

1 for di�eren tial op erators with more general w eigh t functions and more general

di�eren tial expressions L .

Our main in terest in this pap er is the case when the op erator A is p ositiv e (not

uniformly p ositiv e as in [4 ]) and this is wh y the critical p oin t 0 ma y app ear as a

critical p oin t. If the sp ectrum of A accum ulates at 0 from b oth sides, then 0 is

a critical p oin t of A: T o determine whether it is singular or regular w e need to

in v estigate the range of A: This question is harder than the in v estigation of the

domain.

F or the readers con v enience in Section 2. w e pro v e sev eral simple lemmas that w e

use later on in the pap er. W e giv e a su�cien t condition for ran ( B + V ) = ran ( B )

for a closed op erator B . F or further results related to the stabilit y of the range

under additiv e p erturbations see [7 ]. F rom [6 ] w e recall a necessary and su�cien t

condition for ran ( B ) = ran ( C ) for m ultiplication op erators B ; C in L

2

( R

n

) :

In Section 3. w e pro v e sev eral stabilit y theorems for the regularit y of the critical

p oin ts 0 and 1 of p ositiv e de�nitizable op erators in a Krein space. As a conse-
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quence w e get a stabilit y theorem for the similarit y to a selfadjoin t op erator in a

Hilb ert space. These results are impro v emen ts of the corresp onding results in [6 ]

since they do not require a priori kno wledge of nonempt yness of the resolv en t sets

of the resulting op erators. F or related results in this direction see [14 ].

In Section 4. w e consider partial di�eren tial op erators with constan t co e�cien ts.

F or p olynomials p of the form p ( ^ x ; x

n

) = q ( ^ x ) + r ( x

n

) w e establish the form ula

(4.5) expressing the sp ectral function of A in terms of the sp ectral functions of the

op erators

(sgn x

n

)

�

r

�

1

i

d

dx

n

�

+ q ( ^ x ) I

�

:

F or suc h p olynomials w e giv e a detailed analysis of the sp ectrum and the critical

p oin ts. W e sho w that 1 is a regular critical p oin t and giv e su�cien t conditions for

0 to b e a regular critical p oin t. These results ab out critical p oin ts are extended to

more general p olynomials p using the p erturbation results from Section 2. These

p erturbation results are used in Section 5. to treat a v ariable co e�cien t op erator.

The study of sp ectral prop erties of inde�nite eigen v alue problems for di�eren tial

op erators has b een motiv ated b y the in v estigation of the half-range completeness

prop ert y , see [1]. It follo ws from the general op erator theory in Krein spaces (see

[3 , 6 ]) that an op erator whic h is p ositiv e in the Krein space ( L

2

( R

n

) ; [ � ; � ]) and

similar to a selfadjoin t op erator in the Hilb ert space L

2

( R

n

) has the half-range

completeness prop ert y . Therefore our results in Sections 4. and 5. giv e su�cien t

conditions for the half-range completeness prop ert y for the problem (1.1).

F or de�nitions and basic results of the theory of de�nitizable op erators see [8, 17 ].

2. Preliminaries

W e start with a simple lemma that assures preserv ation of nonempt yness of

resolv en t sets under b ounded additiv e p erturbations. F or a closed op erator T in

a Hilb ert space H , � ( T ) denotes the resolv en t set of T .

Lemma 2.1. L et A b e an op er ator in a Hilb ert sp ac e H which is similar to a

selfadjoint op er ator and let B b e a b ounde d op er ator in H . Ther e exists K > 0

such that � 2 � ( A + B ) whenever j Im � j > K .

P r o o f . Since A is similar to a selfadjoin t op erator there exists a constan t C > 0

suc h that k ( A � �I )

� 1

k < C j Im � j

� 1

for all � 2 C n R : Therefore, B ( A � �I )

� 1

is a

b ounded op erator with norm < 1 whenev er j Im � j > C k B k . Th us, I + B ( A � �I )

� 1

has a b ounded in v erse for all � 2 C suc h that j Im � j > C k B k . Since A + B � �I =

( I + B ( A � �I )

� 1

)( A � �I ), it follo ws that � 2 � ( A + B ) whenev er j Im � j > C k B k .

2

Lemma 2.2. L et A and B b e de�nitizable op er ators in the Kr ein sp ac e ( K ; [ � ; � ])
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such that 0 is neither an eigenvalue of A nor of B : Assume that ran ( A ) = ran ( B ) :

Then 0 is not a singular critic al p oint of A if and only if 0 is not a singular critic al

p oint of B :

P r o o f . Both op erators A

� 1

and B

� 1

are de�nitizable and 0 is not a singular

critical p oin t of A if and only if 1 is not a singular critical p oin t of A

� 1

. Since

dom( A

� 1

) = dom( B

� 1

), [2, Corollary 3.3] implies that 1 is not a singular critical

p oin t of A

� 1

if and only if 1 is not a singular critical p oin t of B

� 1

. Since 1 is

not a singular critical p oin t of B

� 1

if and only if 0 is not a singular critical p oin t

of B , the lemma is pro v ed. 2

Motiv ated b y Lemma 2.2 w e pro v e a result on the preserv ation of ranges under

additiv e p erturbations. The follo wing is a restatemen t of [16, Lemma VI.2.30].

Lemma 2.3. L et A and V b e close d densely de�ne d op er ators in the Hilb ert sp ac e

H : L et A b e inje ctive. Assume that dom( A

�

) � dom( V

�

) and that ther e exists

� � 0 such that

k V

�

x k � � k A

�

x k for al l x 2 dom( A

�

) : (2.1)

Then ran ( V ) � ran( A ) and k A

� 1

V y k � � k y k for al l y 2 dom( V ) :

Corollary 2.4. In addition to the assumptions of L emma 2.3 assume that (2.1)

holds with � < 1 : Then A + V is inje ctive and

ran ( A + V ) = ran ( A ) :

P r o o f . Lemma 2.3 implies that ran ( A + V ) � ran ( A ) : Next w e pro v e the opp osite

inclusion. W e ha v e dom(( A + V )

�

) � dom( V

�

) : F urther it follo ws from (2.1) that

k V

�

u k � � k A

�

u k � � k ( A

�

+ V

�

) u k + � k V

�

u k ;

implying

k V

�

u k �

�

1 � �

k ( A

�

+ V

�

) u k for all u 2 dom(( A + V )

�

) :

Applying Lemma 2.3 to the op erators A + V and � V w e conclude that ran ( A ) =

ran (( A + V ) � V ) � ran ( A + V ) :

F rom Lemma 2.3 it also follo ws that the op erator A

� 1

V is de�ned on dom( V )

and b ounded and with the norm is less than or equal to � : If x 2 dom( V ) satis�es

( A + V ) x = 0 ; then x = � A

� 1

V x: Therefore x = 0 : 2

Corollary 2.5. L et A b e selfadjoint and V a close d symmetric op er ator in the

Hilb ert sp ac e H and dom( A ) � dom( V ) : Assume that (2.1) holds with � < 1 : Then

ran ( A + V ) = ran ( A ) and dom( A + V ) = dom( A ) :
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P r o o f . It follo ws from (2.1) that k er ( A ) � k er ( V ) : Denote the closure of ran ( A )

b y L : Then L is in v arian t under A and V and the restriction A

r

of A to L is

injectiv e and it satis�es all the assumptions of Corollary 2.4. 2

Let � b e a Borel measure on R

n

. A � -measurable function f : R

n

! C is

nonne gative if f ( x ) � 0 for � -almost all x 2 R

n

: Denote b y M

f

the op erator of

m ultiplication b y f in the Hilb ert space L

2

( R

n

; � ).

Lemma 2.6. L et g and h b e nonne gative � -me asur able functions on R

n

:

(1) The fol lowing statements ar e e quivalent.

(a) dom( M

g

) = dom( M

h

)

(b) Ther e exists c > 0 such that the functions

h

c + g

and

g

c + h

ar e � -essential ly

b ounde d.

(2) The fol lowing statements ar e e quivalent.

(a) ran ( M

g

) = ran( M

h

) :

(b) Ther e exists a c onstant C > 0 such that

g � C h (1 + g ) � � a.e. and h � C g (1 + h ) � � a.e. : (2.2)

P r o o f . The statemen t (1) is eviden t. T o pro v e (2), for a � -measurable function

f : R

n

! C denote b y N

f

the set f x 2 R

n

j f ( x ) = 0 g . Note that the conditions

(2.2) imply that the symmetric di�erence of the sets N

g

and N

h

has � -measure

zero. Therefore k er ( M

g

) = k er ( M

h

). Let

G ( x ) =

(

0 if g ( x ) = 0,

1

g ( x )

if g ( x ) 6= 0

and H ( x ) =

(

0 if h ( x ) = 0,

1

h ( x )

if h ( x ) 6= 0 :

It follo ws from (1) that the condition (2.2) is equiv alen t to dom( M

G

) = dom( M

H

) :

Since dom( M

G

) = ran ( M

g

) � k er ( M

g

) ; (2a) and (2b) are equiv alen t. 2

W e need the follo wing simple lemma in Section 4.

Lemma 2.7. L et A b e a uniformly p ositive op er ator in the Kr ein sp ac e ( K ; [ � ; � ]) :

L et 
 > 0 b e a lower b ound of the uniformly p ositive op er ator B = J A in the

Hilb ert sp ac e ( K ; h � ; � i ) : Then the interval ( � 
 ; 
 ) is c ontaine d in the r esolvent

set of A:

P r o o f . Clearly 


� 1

= k B

� 1

k = k A

� 1

k : Let j � j < 
 : Then �

� 1

2 � ( A

� 1

) ; hence

� 2 � ( A ) : 2
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3. Similarit y to selfadjoin t op erators

In this section w e reform ulate and impro v e some results from [2 ] and [6]. Let

( K ; [ � ; � ]) b e a Krein space, let J b e a fundamen tal symmetry in K and let h � ; � i =

[ J � ; � ] b e the corresp onding Hilb ert space inner pro duct.

Lemma 3.1. L et � > 0 : The fol lowing statements ar e e quivalent.

(a) The op er ator J P is p ositive in ( K ; [ � ; � ]) , � ( J P ) 6= ; and 1 is not a singular

critic al p oint of J P :

(b) The op er ator J P

�

is p ositive in ( K ; [ � ; � ]) , � ( J P

�

) 6= ; and 1 is not a singular

critic al p oint of J P

�

:

P r o o f . Assume (a). Then J ( P + I ) is a uniformly p ositiv e op erator in ( K ; [ � ; � ]).

Since dom( J ( P + I )) = dom( J P ), [2, Corollary 3.3] (see also [8 , Theorem 1.6])

implies that 1 is not a singular critical p oin t of J ( P + I ) : [2 , Theorem 2.9] implies

that 1 is not a singular critical p oin t of J ( P + I )

�

: Since dom ( J ( P + I )

�

) =

dom( J ( P

�

+ I )), and since b oth op erators J ( P + I )

�

and J ( P

�

+ I ) are uniformly

p ositiv e, [2 , Corollary 3.3] implies that 1 is not a singular critical p oin t of J ( P

�

+

I ) : By [2 , Theorem 2.5] (or [8, Theorem 1.6]) the op erator J ( P

�

+ I ) is similar to

a selfadjoin t op erator in ( K ; h � ; � i ). Lemma 2.1 implies that � ( J P

�

) 6= ; , so J P

�

is a de�nitizable op erator. As dom( J P

�

) = dom( J ( P

�

+ I )), the statemen t (b)

follo ws from [2, Corollary 3.3]. The implication (b) ) (a) follo ws b y applying (a)

) (b) to the op erator J P

�

and the p ositiv e n um b er 1 =� : 2

Corollary 3.2. L et � > 0 : The fol lowing statements ar e e quivalent.

(a) The op er ator J P is p ositive in ( K ; [ � ; � ]) , 0 is not an eigenvalue of P , � ( J P ) 6=

; and 0 is not a singular critic al p oint of the op er ator J P :

(b) The op er ator J P

�

is p ositive in ( K ; [ � ; � ]) , 0 is not an eigenvalue of P

�

,

� ( J P

�

) 6= ; and 0 is not a singular critic al p oint of the op er ator J P

�

:

Corollary 3.3. L et � 6= 0 : The fol lowing statements ar e e quivalent:

(a) The op er ator J P is p ositive in ( K ; [ � ; � ]) , 0 is not an eigenvalue of P and J P

is similar to a selfadjoint op er ator in ( K ; h � ; � i ) .

(b) The op er ator J P

�

is p ositive in ( K ; [ � ; � ]) , 0 is not an eigenvalue of P

�

and

J P

�

is similar to a selfadjoint op er ator in ( K ; h � ; � i ) .

The follo wing theorem is an impro v emen t of [6, Theorem 1.4] since it do es not

require a priori kno wledge of nonempt yness of the resolv en t set of the op erator

J h ( S ). It also can b e considered as an abstract v ersion of [6, Theorem 2.3].
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Theorem 3.4. L et S b e a selfadjoint op er ator in the Hilb ert sp ac e ( K ; h � ; � i ) and

let h : R ! R b e a nonne gative c ontinuous function.

(1) Assume that ther e exists � > 0 such that the functions g ( t ) = j t j

�

and h satisfy

the c onditions (1b) of L emma 2.6. The fol lowing statements ar e e quivalent.

(a) 1 is not a singular critic al p oint of J ( S

2

+ I ) .

(b) � ( J h ( S )) 6= ; and 1 is not a singular critic al p oint of J h ( S ) .

(2) Assume that 0 is not an eigenvalue of S and that ther e exists � > 0 such that

the functions g ( t ) = j t j

�

and h satisfy the c ondition (2.2). Then the fol lowing

statements ar e e quivalent.

(a) � ( J S

2

) 6= ; and 0 is not a singular critic al p oint of J ( S

2

) .

(b) � ( J h ( S )) 6= ; and 0 is not a singular critic al p oint of J h ( S ) .

P r o o f . The pro of com bines ideas used in the pro ofs of Lemma 3.1 and [6, Theorem

1.4]. W e pro v e (2). The pro of of (1) is similar. Note that Lemma 2.6 (2), with

n = 1, implies that for an y Borel measure � the m ultiplication op erators M

g

and

M

h

in L

2

( R ; � ) ha v e the same range. The Sp ectral Theorem, see [25 , Theorem

7.18], implies ran ( j S j

�

) = ran( h ( S )) : Therefore, ran ( J j S j

�

) = ran ( J h ( S )) : Assume

(2a). Corollary 3.2 implies that 0 is not an eigen v alue of J j S j

�

, � ( J j S j

�

) 6= ; and

0 is not a singular critical p oin t of J j S j

�

. Therefore 1 is not a singular critical

p oin t of ( J j S j

�

)

� 1

. Since ( J h ( S ))

� 1

+ J is uniformly p ositiv e and since its domain

coincides with the domain of ( J j S j

�

)

� 1

w e conclude that 1 is not a singular

critical p oin t of ( J h ( S ))

� 1

+ J , that is ( J h ( S ))

� 1

+ J is similar to a selfadjoin t

op erator in ( K ; h � ; � i ). Lemma 2.1 implies that � (( J h ( S ))

� 1

) 6= ; : Consequen tly ,

� (( J h ( S ))) 6= ; : The equalit y ran ( J j S j

�

) = ran ( J h ( S )) implies that 0 is not an

eigen v alue of J h ( S ) and 0 is not a singular critical p oin t of J h ( S ). This pro v es

(2b). The pro of of the con v erse is similar. 2

The com bination of parts (1) and (2) of Theorem 3.4 giv es su�cien t conditions

under whic h the similarit y to a selfadjoin t op erator of J S

2

is equiv alen t to the

similarit y to a selfadjoin t op erator of J h ( S ). If the function h is a p olynomial this

tak es a particularly simple form whic h w e state in the follo wing corollary .

Corollary 3.5. L et S b e a selfadjoint op er ator in the Hilb ert sp ac e ( K ; h � ; � i ) and

let p b e a nonne gative p olynomial on R with 0 b eing its only r o ot. The fol lowing

statements ar e e quivalent.

(a) J S

2

is similar to a selfadjoint op er ator in the Hilb ert sp ac e ( K ; h � ; � i ) .

(b) J p ( S ) is similar to a selfadjoint op er ator in the Hilb ert sp ac e ( K ; h � ; � i ) .

P r o o f . Let 2 k ; k > 0 ; b e the degree of p and let 2 j; j > 0 ; b e the m ultiplicit y

of the ro ot 0 of p . Let g

1

( t ) = t

2 k

and g

2

( t ) = t

2 j

: Then g

1

and p satisfy the
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conditions (1b) in Lemma 2.6 and g

2

and p satisfy the conditions (2.2) in Lemma

2.6. Therefore the equiv alence of (a) and (b) follo ws from Theorem 3.4. 2

Example 3.6. Let w ( t ) = j t j

�

sgn t; � > � 1 ; and S = � i j t j

� � = 2

d

dt

. Let

K = L

2

( R ; j w j ) b e a Krein space with the inde�nite inner pro duct [ f ; g ] =

R

R

f ( t ) g ( t ) w ( t ) dt: The op erator ( J f )( t ) = (sgn t ) f ( t ) is a fundamen tal symmetry

on K . By [13 , Theorem 2.7] the op erator J S

2

is similar to a selfadjoin t op erator

in the Hilb ert space L

2

( R ; j w j ). Let p b e a nonnegativ e p olynomial on R with 0

b eing its only ro ot. Corollary 3.5 implies that the op erator J p ( S ) is similar to a

selfadjoin t op erator in L

2

( R ; j w j ). Using [6, Prop osition 2.4] w e can extend this

result to nonnegativ e p olynomials with exactly one real ro ot.

4. P artial di�eren tial op erators with constan t co e�cien ts

In this section K denotes the Krein space L

2

( R

n

) with the inner pro duct [ f ; g ] =

R

R

n

f ( x ) g ( x ) sgn x

n

dx , where x = ( x

1

; : : : ; x

n

) : The m ultiplication op erator

( J y )( x ) = (sgn x

n

) y ( x )

is a fundamen tal symmetry on ( L

2

( R

n

) ; [ � ; � ]) and the corresp onding Hilb ert space

inner pro duct is h f ; g i =

R

R

n

f ( x ) g ( x ) dx . The p oin ts x 2 R

n

are denoted b y

x = ( ^ x; t ), where ^x = ( x

1

; : : : ; x

n � 1

) ; t = x

n

: The partial F ourier transform with

resp ect to ^x is denoted b y F : It is a unitary op erator in L

2

( R

n

) :

W e study partial di�eren tial op erators with constan t co e�cien ts. Let p b e a

nonconstan t p olynomial of degree m in n v ariables,

p ( x ) =

X

j � j� m

c

�

x

�

1

1

� � � x

�

n

n

;

where ( x

1

; : : : ; x

n

) 2 R

n

; � = ( �

1

; : : : ; �

n

) is a m ultiindex, c

�

2 R and j � j =

P

�

j

. Denote b y D

�

the partial di�eren tial expression

�

1

i

�

j � j

@

�

1

@ x

�

1

1

� � �

@

�

n

@ x

�

n

n

and let B b e the closed op erator asso ciated with the di�eren tial expression

p ( D ) =

X

j � j� m

c

�

D

�

in the Hilb ert space ( L

2

( R

n

) ; h � ; � i ) : Instead of B w e will often write p ( D ) to

emphasize its dep endence on p . The op erator B is selfadjoin t in the Hilb ert
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space ( L

2

( R

n

) ; h � ; � i ) : The op erator A = J B is selfadjoin t in the Krein space

( L

2

( R

n

) ; [ � ; � ]) : W e will pro v e that, under certain assumptions on the p olynomial

p; the op erator A is similar to a selfadjoin t op erator in ( L

2

( R

n

) ; h � ; � i ) :

De�nition 4.1. Let p b e a nonnegativ e p olynomial in n v ariables, let q ( ^ x ) =

p ( ^ x; 0), let a

0

t

2 k

; a

0

� 0 ; b e the leading term of the p olynomial p (0 ; t ) � p (0 ; 0)

and put

p = p

1

+ p

2

with p

1

( x ) = a

0

t

2 k

+ q ( ^ x ) and p

2

( x ) = p ( x ) � p

1

( x ) : (4.1)

The p olynomial p is we akly sep ar ate d if there exist 


1

; 


2

; � � 0 ; 


1

< 1 suc h that

� 


1

p

1

( x ) � � � p

2

( x ) � 


2

p

1

( x ) + � (4.2)

The p olynomial p is str ongly sep ar ate d if (4.2) holds with � = 0 :

Lemma 4.2. L et p ( y ; t ) = ay

2

+ by t + ct

2

+ �t + � ; with a; c > 0 ; � :=

j b j

2

p

ac

< 1

and not b oth � and � e qual 0 . Then

(i) p is we akly sep ar ate d.

(ii) If 4 c� � �

2

, then p is not str ongly sep ar ate d.

(iii) If 4(1 � � )

2

c� > �

2

, then p is str ongly sep ar ate d.

P r o o f . By De�nition 4.1 p

1

( y ; t ) = ct

2

+ ay

2

+ � and p

2

( y ; t ) = by t + �t: T o pro v e

(i) note that j by t j <

j b j

2

p

ac

( ct

2

+ ay

2

) : Since

j b j

2

p

ac

< 1 ; there exists � > 0 suc h that

j b j

2

p

ac

+ � < 1 : Cho osing � �

�

2

4 �c

; w e get that j �t j � �ct

2

+ � : Therefore

j p

2

( y ; t ) j �

�

j b j

2

p

ac

+ �

�

�

ct

2

+ ay

2

�

+ � =

�

j b j

2

p

ac

+ �

�

p

1

( y ; t ) + �

for some real n um b er � . Th us p is w eakly separated.

T o pro v e (ii) assume that p is strongly separated. Then for some 0 � 


1

< 1

w e ha v e � 


1

( ct

2

+ ay

2

+ � ) � by t + �t: With y = 0, this inequalit y implies

�

2

� 4 


2

1

c� � 0 ; and therefore �

2

< 4 c� :

T o pro v e (iii) assume that 4(1 � � )

2

c� > �

2

. Then � > 0 and there exists � > 0

suc h that �

2

� 4(1 � � � � )

2

c� < 0 : Consequen tly j �t j � (1 � � � � )( ct

2

+ � ) : T ogether

with the �rst inequalit y used in the pro of of (i), this yields

j by t + �t j � � ( ct

2

+ ay

2

) + (1 � � � � )( ct

2

+ ay

2

+ � ) � (1 � � ) p

1

( y ; t ) :

Th us p is strongly separated. 2

Lemma 4.3. L et p b e a nonne gative p olynomial in n variables and let p

1

b e the

p olynomial intr o duc e d in De�nition 4.1.
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(a) Assume that p is we akly sep ar ate d. Then p do es not dep end on t if and only

if p

1

do es not dep end on t .

(b) If p is we akly sep ar ate d, then the multiplic ation op er ators M

p

and M

p

1

have

the same domain in K :

(c) If p is str ongly sep ar ate d, then p ( x ) = 0 if and only if p

1

( x ) = 0 :

(d) If p is str ongly sep ar ate d, then the multiplic ation op er ators M

p

and M

p

1

have

the same r ange in K :

P r o o f . The statemen ts in (a), (c) follo w directly from De�nition 4.1. Note that

p

1

do es not dep end on t if and only if a

0

= 0 : Assume that p is w eakly separated.

Then p and p

1

satisfy the conditions in (1b) of Lemma 2.6 with c = � + 1 > 0.

Indeed, the condition (4.2) yields

p

1

� + 1 + p

�

1

1 � �

1

and

p

� + 1 + p

1

� 1 + �

2

+ � :

Therefore (b) follo ws from Lemma 2.6. If p is strongly separated, then (4.2), with

� = 0, implies

p

1

p (1 + p

1

)

�

1

1 � �

1

and

p

p

1

(1 + p )

� 1 + �

2

;

and (d) is a consequence of Lemma 2.6. 2

Denote b y P the op erator �

d

2

dt

2

in L

2

( R ) on H

2

( R ) : By [6, Theorem 2.5] (see also

Example 3.6) for an y b � 0 and k a natural n um b er the op erator (sgn t )( P

k

+ bI )

is similar to a selfadjoin t op erator in L

2

( R ) :

Lemma 4.4. L et p b e a nonne gative p olynomial such that p

2

= 0 : Assume that

� ( A ) 6= ; : Then A = J p ( D ) is similar to a selfadjoint op er ator in the Hilb ert sp ac e

( L

2

( R

n

) ; h � ; � i ) :

P r o o f . Let p ( x ) = q ( ^ x ) + a

0

t

2 k

; a

0

� 0 : If a

0

= 0 ; the op erator A comm utes

with the fundamen tal symmetry J and consequen tly A is similar to a selfadjoin t

op erator in the Hilb ert space ( L

2

( R

n

) ; h � ; � i ) :

If a

0

> 0 without loss of generalit y w e can assume that a

0

= 1 : Since w e assume

that � ( A ) 6= ; , w e only ha v e to pro v e that the p oin ts 0 and 1 are not singular

critical p oin ts of A: Let y 2 dom( A ) and � 2 C n R : It follo ws from the basic

prop erties of the partial F ourier transform F that

(( A � �I ) y )( x ) = ( F

� 1

( J P

k

+ q ( ^ x ) J � �I ) F y )( x ) : (4.3)

Denote b y E the sp ectral function of A and b y G

�

the sp ectral function of the

op erator J ( P

k

+ �I ) : Consider an in terv al { = ( a; b ) with 0 < a < b: It follo ws



Di�eren tial op erators in L

2

( R

n

) 11

from the de�nition of the sp ectral function and (4.3) that

( E ( { ) y )( x ) = ( F

� 1

G

q ( ^ x )

( { ) F y )( x ) : (4.4)

Let � > 0 : The op erator J ( P

k

+ �I ) is uniformly p ositiv e in the Krein space

( L

2

( R

n

) ; [ � ; � ]) and the lo w er b ound of P

k

+ �I is �: Lemma 2.7 implies that

the in terv al ( � �; � ) ; b elongs to the resolv en t set of J ( P

k

+ �I ) and consequen tly

G

�

( { ) = 0 for b < �: Th us, it follo ws from (4.4) that

k E ( { ) y k

2

=

Z

q ( ^ x ) � b

k ( G

q ( ^ x )

( { ) F y )( ^ x ; � ) k

2

d ^x : (4.5)

Denote b y U ( � ) ; � 2 R n f 0 g the dilation op erator: ( U ( � ) f )( x ) = f ( � x ) ; x 2 R

n

:

Then U ( � ) is a b ounded op erator with the b ounded in v erse U (1 =� ) : W e ha v e

h U ( � ) f ; U ( � ) f i = j � j

� n

h f ; f i (4.6)

and

U ( � )

� 1

P

k

U ( � ) = a

2 k

P

k

: (4.7)

F rom

J ( P

k

+ �I ) = �U

�

�

1

2 k

�

J ( P

k

+ I ) U

�

�

�

1

2 k

�

;

it follo ws that

G

�

( { ) = U

�

�

1

2 k

�

G

1

( {

�

) U

�

�

�

1

2 k

�

; (4.8)

where {

�

=

�

a

�

;

b

�

�

: F rom (4.5) and (4.8) w e conclude

k E ( { ) y k

2

=

Z

q ( ^ x ) � b










�

U

�

q ( ^ x )

1

2 k

�

G

1

( {

q ( ^ x )

) U

�

q ( ^ x )

�

1

2 k

�

F y

�

( ^ x ; � )










2

d ^x : (4.9)

Since U ( t ) is a m ultiple of an isometry , it follo ws from the Planc herel theorem that

k E ( a; b ) k � sup

q ( ^ x ) � b













G

1

�

a

q ( ^ x )

;

b

q ( ^ x )

�













� sup

0 <� � b













G

1

�

a

�

;

b

�

�













:

A similar form ula holds for a < b < 0 : Since J ( P

k

+ I ) is similar to a selfadjoin t

op erator in the Hilb ert space L

2

( R ) , it follo ws that b oth 0 and 1 are not singular

critical p oin ts of A: 2

Corollary 4.5. L et p b e a nonne gative p olynomial and assume that p

2

= 0 : Then

A = J p ( D ) is similar to a selfadjoint op er ator in the Hilb ert sp ac e ( L

2

( R

n

) ; h � ; � i ) :
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P r o o f . The p olynomial p + 1 is strictly p ositiv e. The op erator p ( D ) + I is uniformly

p ositiv e in ( L

2

( R

n

) ; h � ; � i ). Therefore the op erator J ( p ( D ) + I ) is uniformly p os-

itiv e in ( L

2

( R

n

) ; [ � ; � ]) and consequen tly 0 2 � ( J ( p ( D ) + I )) : Lemma 4.4 implies

that J ( p ( D ) + I ) is similar to a selfadjoin t op erator in ( L

2

( R

n

) ; h � ; � i ). By Lemma

2.1 the op erator J p ( D ) has a nonempt y resolv en t set. Applying Lemma 4.4 again

yields that J p ( D ) is similar to a selfadjoin t op erator in ( L

2

( R

n

) ; h � ; � i ). 2

Theorem 4.6. L et p b e a nonne gative p olynomial and A = J p ( D ) .

(a) If p is a we akly sep ar ate d p olynomial, then A is a p ositive op er ator in the Kr ein

sp ac e L

2

( R

n

) , � ( A ) 6= ; and 1 is not a singular critic al p oint of A:

(b) If p is a str ongly sep ar ate d p olynomial, then 0 is not a singular critic al p oint

of A: The op er ator A is similar to a selfadjoint op er ator in ( L

2

( R

n

) ; h � ; � i ) :

P r o o f . If p do es not dep end on t the op erator A comm utes with the funda-

men tal symmetry J and consequen tly A is similar to a selfadjoin t op erator in

( L

2

( R

n

) ; h � ; � i ). By Lemma 4.3 (a) p do es not dep end on t if and only if a

0

= 0 :

Th us, in the rest of the pro of w e can assume that p

1

( x ) = a

0

t

2 k

+ q ( ^ x ) ; where

a

0

> 0 : Put A

1

= J p

1

( D ). By Corollary 4.5 the op erator A

1

is similar to

a selfadjoin t op erator in ( L

2

( R

n

) ; h � ; � i ). The op erator A = J p ( D ) is p osi-

tiv e in ( L

2

( R

n

) ; [ � ; � ]) : Lemma 4.3 implies that dom( M

p

) = dom( M

p

1

) : Apply-

ing the in v erse F ourier transform w e conclude that dom ( A ) = dom( A

1

) : Clearly

the op erator J ( p ( D ) + I ) = A + J is uniformly p ositiv e in ( L

2

( R

n

) ; [ � ; � ]) and

dom( A + J ) = dom( A ) = dom( A

1

) : Since 1 is not a singular critical p oin t of A

1

,

[2 , Corollary 3.3] implies that 1 is not a singular critical p oin t of A + J : Therefore

A + J = J ( B + I ) is similar to a selfadjoin t op erator in ( L

2

( R

n

) ; h � ; � i ). Lemma

2.1 implies that � ( A ) 6= ; and consequen tly A is a de�nitizable op erator. Since

dom( A + J ) = dom ( A ), [2 , Corollary 3.3] implies that 1 is not a singular critical

p oin t of A . This pro v es part (a).

W e pro v e part (b) for a strongly separated p olynomial p: It remains to pro v e

that 0 is not a singular critical p oin t of A: By Lemma 4.3 the ranges of the m ulti-

plication op erators M

p

and M

p

1

coincide. Applying the in v erse F ourier transform

w e conclude that ran ( A ) = ran( A

1

) : Note that 0 is not an eigen v alue neither of A

nor of A

1

: Since 0 is not a singular critical p oin t of A

1

, w e conclude that 0 is not

a singular critical p oin t of A: This pro v es the theorem. 2

Prop osition 4.7. L et q b e a nonne gative p olynomial in n � 1 variables, r a

nonne gative and nonc onstant p olynomial in one variable and p ( x ) = q ( ^ x ) + r ( t ) :

L et A = J p ( D ) : Then:

(a) The op er ator A has no eigenvalues.

(b) The sp e ctrum of A is given by

� ( A ) = ( �1 ; � m

p

] [ [ m

p

; + 1 ) ; (4.10)
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wher e m

p

= min f p ( x ) : x 2 R

n

g :

P r o o f . (a) The op erator A is de�nitizable b y Theorem 4.6. Let � 2 R and

y 2 dom ( A ) satisfy J p ( D ) y = �y : Let z = F y b e the partial F ourier transform of

y : Then

J

�

r

�

1

i

d

dt

�

+ q ( ^ x ) I

�

z ( ^ x; t ) = �z ( ^ x ; t ) :

[6 , Theorem 2.2 (b)] implies that z ( ^ x; � ) = 0 for all ^x 2 R

n � 1

: Th us y = 0 :

T o pro v e (b) w e extend the argumen t of Lemma 4.4. Denote b y E the sp ectral

function of A and b y G

�

the sp ectral function of the op erator J ( r ( � i

d

dt

) + �I ) :

The equalities (4.4) and (4.5) hold true for newly de�ned G

�

:

W e pro v e that for all p ositiv e a; b suc h that b > m

p

and a < b w e ha v e E ( a; b ) 6=

0 : Note that m

p

= m

r

+ m

q

: Let ^x

0

b e suc h that m

r

+ q ( ^ x

0

) < b: By [6 , Theorem

2.2] the sp ectrum of the op erator J ( r ( � i

d

dt

) + q ( ^ x

0

) I ) is ( �1 ; � m

r

� q ( ^ x

0

)] [

[ m

r

+ q ( ^ x

0

) ; + 1 ) : Therefore there exists h 2 L

2

( R ) suc h that G

q ( ^ x

0

)

( a; b ) h 6= 0 :

The function � 7! k G

�

( a; b ) h k is con tin uous on R

+

b y [18 , Theorem 3.1. part 3)].

Therefore the function

^x 7! k G

q ( ^ x )

( a; b )) h k

is con tin uous on R

n � 1

: Hence the set

O = f ^x 2 R

n � 1

: k G

q ( ^ x )

( a; b ) h k > 0 g

is op en. This set is nonempt y since ^x

0

2 O : The set O is con tained in f ^x 2

R

n � 1

: q ( ^ x ) � b g : Cho ose z 2 L

2

( R

n � 1

) suc h that z 6= 0 almost ev erywhere. Let

y ( x ) = h ( t )( F

� 1

z )( ^ x ) : F rom (4.5) it follo ws

k E ( a; b ) y k

2

=

Z

q ( ^ x ) � b

j z ( ^ x ) j

2

k G

q ( ^ x )

( a; b ) h k

2

d ^x

�

Z

O

j z ( ^ x ) j

2

k G

q ( ^ x

( a; b ) h k

2

d ^x > 0 :

W e ha v e pro v ed that for arbitrary b > m

p

and 0 < a < b w e ha v e E ( a; b ) 6= 0 :

This implies that the sp ectrum of A in R

+

con tains [ m

p

; + 1 ) : If m

p

> 0 and

0 < � < m

p

; then (4.5) implies that � 2 � ( A ) : In this case 0 2 � ( A ) since A

is a uniformly p ositiv e op erator. Therefore the sp ectrum of A in R

+

coincides

with [ m

p

; + 1 ) : Similarly one pro v es that the sp ectrum of A in R

�

coincides with

( �1 ; � m

p

] : 2

Corollary 4.8. L et q b e a nonne gative p olynomial in n � 1 variables, r a non-

ne gative and nonc onstant p olynomial in one variable and p ( x ) = q ( ^ x ) + r ( t ) : L et

A = J p ( D ) :

(a) The p oint 1 is a r e gular critic al p oint of A = J p ( D ) :
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(b) Assume that the p olynomial r has at most one r o ot. The fol lowing statements

ar e e quivalent:

(i) p has a zer o.

(ii) 0 2 � ( A ) :

(iii) 0 is a r e gular critic al p oint of A:

5. V ariable co e�cien ts

1

In this section w e use Corollary 2.5 to extend results from Section 4. T o illus-

trate the metho d, w e consider the Sc hr• odinger op erator with inde�nite w eigh t

(sgn x

n

)( � � + q ) on R

n

:

Let H = � � b e de�ned on its natural domain in L

2

( R

n

) : Its in v erse is an

un b ounded in tegral op erator.

Prop osition 5.1. L et 5 � n � 8 and q 2 L

n= 2

( R

n

) : Ther e exists �

0

> 0 such

that for al l r e al � with j � j < �

0

the op er ator (sgn x

n

)( � � + �q ) is similar to a

selfadjoint op er ator in L

2

( R

n

) :

P r o o f . Since n � 8 ; it follo ws from the Sob olev em b edding theorem that

dom( H ) = H

2

( R

n

) � dom ( q ) :

W e sho w that the op erator q H

� 1

is b ounded b y a constan t m ultiple of k q k

n= 2

:

Note that H

� 1

= h ( � i r ) with h ( x ) = j x j

� 2

: Therefore h 2 L

n= 2

w

( R

n

) ; see [21 ,

Example IX.4.2] . By [22 , Theorem 4.2] q ( x ) h ( � i r ) 2 L

n= 2

w

( R

n

) ; and moreo v er

k q ( x ) h ( � i r ) k

n= 2 ;w

� C k q k

n= 2

k h k

n= 2 ;w

;

where k � k

p;w

are the functions de�ned in [22 , p. 13] and [21 , De�nition IX.4].

Hence (see [22 , p. 13]) k q ( x ) h ( � i r ) k

n= 2 ;w

� C

1

k q k

n= 2

: Next w e can use the

inequalities on p. 13 of [22 ] to conclude

k q ( x ) h ( � i r ) k = k q ( x ) h ( � i r ) k

1

� C

2

k q ( x ) h ( � i r ) k

n= 2 ;w

� C

3

k q k

n= 2

:

It follo ws from [16 , Theorems IV.1.1, IV.2.14, IV.3.1 and VI.3.1] that for j � j

su�cien tly small w e ha v e that the op erator J ( H + �q ) is p ositiv e in ( L

2

( R

n

) ; [ � ; � ]);

the resolv en t set � ( J ( H + �q )) is nonempt y and dom( J ( H + �q )) = dom( H ). The

1

F or the case of a more general elliptic op erator with inde�nite w eigh t

1

r

( L + q ) w e can use

the results from [9].
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conclusion of the prop osition follo ws from Theorem 4.6, Lemma 2.2, Corollary 2.5

and [2, Corollary 3.3]. 2

Note that w e needed n � 8 only to pro v e that the op erator q H

� 1

is densely

de�ned. Ho w ev er, the Gagliardo-Niren b erg inequalit y implies that dom( H ) �

dom ( q ) (and also that q H

� 1

is b ounded) as so on as n � 5 : This sho ws that the

assumption n � 8 is in fact redundan t.

W e pro v e a strengthening of Prop osition 5.1 .

Theorem 5.2. L et n � 5 and

B =

X

0 � i + j � 2

b

ij

D

ij

b e a p artial di�er ential op er ator with the c o e�cients b

ij

satisfying

b

ij

2 L

1

if i + j = 2 ; b

ij

2 L

n

( R

n

) if i + j = 1 ; and b

00

2 L

n= 2

( R

n

) :

F urther assume that B is symmetric in ( L

2

( R

n

) ; h � ; � i ) :

Then the op er ator B ; de�ne d on dom( B ) = H

2

( R

n

) is a close d op er ator in

L

2

( R

n

) : Ther e exists �

0

such that if

X

1 � i � n

k b

ii

� sgn x

n

k

1

+

X

i + j =2 ;j 6= i

k b

ij

k

1

+

X

i + j =1

k b

ij

k

n

+ k b

00

k

n= 2

� �

0

;

then (sgn x

n

) B is similar to a selfadjoint op er ator in ( L

2

( R

n

) ; h � ; � i ) :

P r o o f . The �rst statemen t easily follo ws from the Sob olev em b edding theorem.

Let A

0

= (sgn x

n

)( � �) = J H ; de�ned on dom( A

0

) = dom ( B ) ; V = J B � A

0

: By

Theorem 4.6 the op erator A

0

is similar to a selfadjoin t op erator in L

2

( R

n

) : Note

that

J V =

X

0 � i + j � 2

v

ij

D

ij

with v

ii

= b

ii

� sgn x

n

; 1 � i � n; v

ij

= b

ij

for all other i; j: It is su�cien t to

sho w that J V A

� 1

0

or equiv alen tly V H

� 1

is a b ounded densely de�ned op erator.

T o this end, w e sho w that v

ij

D

ij

H

� 1

is b ounded and densely de�ned. In fact, it

is su�cien t to sho w that

k v

ij

D

ij

u k � C

ij

k � u k u 2 H

2

( R

n

) (5.1)

for all i,j with i + j � 2 : If i + j = 2 ; the estimate (5.1) is eviden t. If i = j = 0 ; let

1

p

=

1

2

�

2

n

: H• older's inequalit y yields

k q u k

2

� k q k

n= 2

k u k

p

( u 2 L

p

( R

n

)) ;
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F rom the Gagliardo-Niren b erg inequalit y , see [20 , p. 125], it follo ws that

k u k

p

� C k � u k

2

( u 2 H

2

( R

n

)) :

This implies (5.1) if i + j = 0 : Finally , if i + j = 1 ; then v

ij

D

ij

= b

k

D

k

for

some k 2 f 1 ; : : : ; n g ; where b

k

= b

k 0

or b

0 k

: Let p =

2 n

n � 2

: F rom H• older's and

Gagliardo-Niren b erg inequalit y w e again �nd

k v

ij

D

ij

u k = k b

k

D

k

u k � k b

k

k

n

k D

k

u k

p

� C k b

k

k

n

k � u k ;

and this pro v es (5.1). 2

References

[1] Beals, R. , Inde�nite Sturm-Liouville problems and half-range completeness. J. Dif-

feren tial Equations 56 (1985), 391-407.

[2]

�

Cur gus, B. , On the regularit y of the critical p oin t in�nit y of de�nitizable op erators.

In tegral Equations Op erator Theory 8 (1985), 462-488.

[3]

�

Cur gus, B., Langer, H. , A Krein space approac h to symmetric ordinary di�eren-

tial op erators with an inde�nite w eigh t function. J. Di�eren tial Equations 79 (1989),

31-61.

[4]

�

Cur gus, B., Najman, B. , A Krein space approac h to elliptic eigen v alue problems

with inde�nite w eigh ts. Di�eren tial and In tegral Equations 7 (1994), 1241-1252.

[5]

�

Cur gus, B., Najman, B. , The op erator (sgn x )

d

2

dx

2

is similar to a selfadjoin t op er-

ator in L

2

( R ) : Pro c. Amer. Math. So c. 123 (1995), 1125-1128.

[6]

�

Cur gus, B., Najman, B. , P ositiv e di�eren tial op erators in Krein space L

2

( R ) :

Recen t dev elopmen ts in op erator theory and its applications (Winnip eg, MB, 1994),

95-104, Op er. Theory Adv. Appl., 87, Birkh• auser, Basel, 1996.

[7]

�

Cur gus, B., Najman, B. , Preserv ation of the range under p erturbations of an

op erator. Pro c. Amer. Math. So c. 125 (1997), 2627-2631.

[8] Dijksma, A., Langer, H. , Op erator theory and ordinary di�eren tial op erators.

Lectures on op erator theory and its applications (W aterlo o, ON, 1994), 73-139,

Fields Inst. Monogr., 3, Amer. Math. So c., Pro vidence, RI, 1996.

[9] Edmunds, D. E., Triebel, H. , Eigen v alue distributions of some degenerate elliptic

op erators, an approac h via en trop y n um b ers. Math. Ann. 299 (1994), 311-340.

[10] F aierman, M., Langer, H. , Elliptic problems in v olving an inde�nite w eigh t func-

tion. Recen t dev elopmen ts in op erator theory and its applications (Winnip eg, MB,

1994), 105-124, Op er. Theory Adv. Appl., 87, Birkh• auser, Basel, 1996.

[11] Fleige, A. , A sp ectral theory of inde�nite Krein-F eller di�eren tial op erators, Math-

ematical Researc h 98, Ak ademie V erlag, Berlin 1996.

[12] Fleige, A. , A coun terexample to completeness prop erties for inde�nite Sturm-

Liouville problems. T o app ear in Math. Nac h.



Di�eren tial op erators in L

2

( R

n

) 17

[13] Fleige, A., Najman, B. , Nonsingularit y of critical p oin ts of some di�eren tial and

di�erence op erators, Di�eren tial and In tegral Op erators (Regensburg, 1995), 85-95,

Op er. Theory: Adv. Appl., 102, Birkh• auser, Basel, 1998.

[14] Jonas, P. , Compact p erturbations of de�nitizable op erators. I I. J. Op erator Theory

8 (1982), 3-18.

[15] Jonas, P. , On a problem of the p erturbation theory of selfadjoin t op erators in Krein

spaces. J. Op erator Theory 25(1991), 183-211.

[16] Ka to, T. , P erturbation Theory of Linear Op erators. Springer-V erlag, Berlin, 1966.

[17] Langer, H. , Sp ectral function of de�nitizable op erators in Krein spaces. F unc-

tional Analysis, Pro ceedings, Dubro vnik 1981. Lecture Notes in Mathematics 948,

Springer-V erlag, Berlin, 1982, 1-46.

[18] Langer, H., Najman, B. , P erturbation theory for de�nitizable op erators in Krein

spaces. J. Op erator Theory 9 (1983), 297-317.

[19] Meister, E., La tz, N., Scheurer, J. , Sp ectral analysis of a transmission problem

for the Helmholtz equation on the half-space, Rendicon ti di Matematica, Ser. VI I,

13(1993), 751-772.

[20] Nirenber g, L. , On elliptic partial di�eren tial equations, Ann. Scuola Norm. Pisa

13 (1959), 115-162.

[21] Reed, M., Simon, B. , Metho ds of Mo dern Mathematical Ph ysics I I: F ourier Anal-

ysis, Self-adjoin tness. Academic Press, New Y ork, 1975.

[22] Simon, B. , T race Ideals and Their Applications, Cam bridge Univ ersit y Press, Cam-

bridge, 1979.

[23] Veseli

�

c, K. , On sp ectral prop erties of a class of J -selfadjoin t op erators. I. Glasnik

Mat. Ser. I I I 7(27) (1972), 229-248.

[24] V olkmer, H., Sturm-Liouville problems with inde�nite w eigh ts and Ev eritt's inequal-

it y , Pro c. Ro y . So c. Edin burgh Sect. A 126 (1966), 1097-1112.

[25] Weidmann, J. , Linear Op erators in Hilb ert Spaces. Springer-V erlag, Berlin, 1980.

Dep artment of Mathematics

Western Washington University

Bel lingham, W A 98225, USA

1991 Mathematics Sub ject Classi�cation. Primary 47B50, 47E05; Secondary 47B25,

34L05

Receiv ed Date inserted b y the Editor


