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1 Introduction

The familiar convex sets associated witls are the convex hull ofS
8 9
< X0 =
convsS = | X X 2S; 3, 0 » =1 (1.1)
e j=1 ’

and the axne hull of S
8
<)(n Xn =
a®Ss = X X 2S; 3 2R; » =1
N j=1 '

| ©

The set in (1.1) will not change if the conditionsy , 0O are replaced by the

I are arbitrary nonempty intervals in R? An immediate and obvious answer
is that the resulting set will always be a subset of a®. In this article we
explore this question further. That is, we study the subsets df introduced
by the following de nition.

linear spaceL. Let Jg = fly;:::; 19 be a family of nonempty intervals inR
(some of which can be degenerated to a singleton) such that theerval |; is
associated with the pointx; for eachj 2f 1;:::;mg. Set
8 9
< X =
coS;ds):=. X X528, y21;, »=1:
Tl j=1 '

This set we call aconvex interval hullof S.

It is clear that the convex interval hull co(S;Js) coincides with convS when

all the intervals in Js are equal to [Q1] and coS;Js) coincides with a®S

when all the intervals inJ g are equal toR. In this sense co§;Js) generalizes
these two well-known concepts.

Our primary interest in this article is to explore the family o all convex interval
hulls co(S;Js) which are bounded. Examples in Section 2 show that a variety
of convex sets appear in such families evenSfis xed. It is quite striking
that when S is the set of only 4 points: the vertices and the orthocenter oha
equilateral triangle, for example

n3 73 73 73 p '0

S= 11;0;0;1;0;p3;0;1:§ :



and when
h . p _io

n
Js= [0;1}[0; 1] [0; 1] 1 IO3;i 2+ 3
then co(S;Js) is a regular dodecagon; see Figure 12.

An inverse problem in this setting is as follows: For a given conxeset K
‘nd a nite set S with minimal cardinality and a family Js of intervals such
that K = co(S;Js). Examples 2.7 and 2.10 suggest solutions of the inverse
problem for K equal to a regular dodecagon and fdk equal to a rhombic
dodecahedron. This inverse problem and unbounded convexental hulls will

be considered elsewhere.

Let m be a positive integer. For a xed familyJ of m nonempty intervals in

R our operatorS 7! co(S;J ) is a set-valued function de ned on nite subsets
of L with m elements. Recall that many set-valued functiont considered in
convexity theory are described in the following way:

\n o)
f(X)= F2F :X%F ; X %L; (1.2)

whereF is a prescribed family of subsets df. The convex hull itself and many
well-known generalizations of it are obtained in this way, sefor example [2]
and [6]. An immediate consequence of de nition (1.2) is the indion X u

f (X). From examples in Section 2 and our results in Section 6 it isear that
the convex interval hull does not always satisfy the inclusio® p co(S;Js).
As a matter of fact, for every setS there are families of intervals) s for which

S is not a subset of cd®;J s). In this sense our operator di®ers from operators
described by (1.2).

De nitions similar to De nition 1.1 appeared in [4] and [5]. We ecall the
following three de nitions from [5, p. 363],.First, for nonempy sets o 12 R™

ands; 2 S;j =1:::;m. Second, a se6 % L is calledendo= if o ¢S pu S.

Third, with F being the family of all endox sets, (1.2) de nes the =-hull
operator. A special case of o-hull operator with @ = (»;1j ») :»2 ¢ %R?

where ¢ is any non-empty subset of [01] containing at least one point interior
to [0; 1], was considered in [4]. In [4] endo-& sets are called ¢-convsats. (We
notice that Motzkin in [5] does not refer to [4].)

In this paragraph we point out the di®erences between the detiins of & ¢S
and co(S;Js). 'B) this end, let @ be the intersection ofl; £¢¢¢ £, and
the hyperplane |1, » = 1, where |; are nonempty intervals inR, and let
S = 1fXq;:::;XmQ, wherexy;:::; Xy are distinct points in L. Then, in general,



. .. P o
S. For example, withs; = ¢ ¢ ¢ s, = s2 S, the condition j”‘:l » = limplies
S % @ ¢S, while S Y2 co(S;Js) is not true in general. The second reason is

scaledonly by scalars inlj, while there is no such restriction in the de nition
of @ ¢S. We also remark that the geometry of the sets 8S and the properties
of the operatorS 7! o ¢S for a xed & were not considered in [4] and [5].

The following geometric way of looking at cd®;J s) will be very useful in the
investigation of combinatorial properties of cdb;Js). Notice that the restric-

the inter]?,ectionD of the brick I, £¢¢ ¢ 8, %2R™ and the hyperplane }; de-
‘ned by 1; » =1 Thus co(S;Js) is an image ofD under a linear mapping
Ts:R™! L de ned by

Ts(@1;%;1115) = AR (1.3)

The article is organized as follows. In Section 2 we give seMelitustrative
examples of convex interval hulls inRR? and R3 for sets S with three, four
and ve points. In Section 3 we characterize nonemptyness and uaedness
of co(S;Js). In Section 4 we prove that all bounded convex interval husl are
polytopes. Here we provide two upper bounds for the number ofriees of such
polytopes. The rst bound is general and the second one deals witlolytopes
obtained as co§;Js) for a special class of familied s. As we have already
noticed, di®erent families of intervals can result in the samevex interval
hulls. In Section 5 we study minimality conditions for a familyof intervals,
where minimality is understood in such a way that any further shinking of
intervals results in a smaller convex interval hull. In Sectio 6 we prove that a
family of bounded convex interval hulls of a xed nite setS is invariant under
homotheties. As a special case of this result we obtain that for dabomothet
K of convsS there exists a family of intervals] s such thatK = co(S;Js). We
use this result to give a detailed description of bounded convénterval hulls
of nite atnely independent subsets of a linear space.

In this paragraph we introduce the notation. ByR we denote the real numbers.
The symbol L denotes a real linear space ankl ¢ kis a norm in this space.
A speci ¢ linear space that we will encounter iR™, wherem is a positive
integer. The linear operations fromL are extended to subsets oL in the
following standard way. For subset® and M of L and®; 2 R we put

n [0}
K+ M = ®x+ vy :x 2K, y2M

For a mappingT : L ! L, T(K) denotes the set of allTx; x 2 K.
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Fig. 1. Square Fig. 2. Pentagon Fig. 3. Regular hexagon

@

Fig. 4. Regular pentagon  Fig. 5. Regular octagon Fig. 6. Nonagon

2 Examples

In this section we present several examples of convex intervallls. All exam-
ples here are bounded sets, since our main interest in this arécare convex
interval hulls which are bounded sets. We will consider unboued convex in-
terval hulls elsewhere. For completeness we start with the staadi example.

co(S;Js) =conv S:

All examples are calculated and plotted using/lathematica In each example
the points of the setS are listed starting from the lowest point that is further-
most to the left. Then we proceed counterclockwise, nishing witthe point
inside. In gach gure the points inS are marked with black dots ¢) and the

polygon co S;Js is shaded gray with its edges slightly darker.

n [0}
Example 2.2n In Figures 1 and02, we us& = (0;0);(1;0);(0;1) . InFig. 1
we useds = [j L 1];40; 1];[0; 1] to get a square and in Fig. 2 we usés =
[0; 1];[0; 2=3];[0; 2=3] to get an irregular pentagon.



Example 2.3 In Fig. 3 we use

n p— [0} n [0}
S= (i 1,0)(0;1);(0; 3) and Js= [0;2=3][0;2=3];[0; 23] ;

to get a regular hexagon.

Example 2.4 In Fig. 4 we use

i T e —p— s 'uqﬁ 113/4
S= O;i5. IO5; 10+2 I05,0,5;5 10+2 p X

n _
Js= [0;3i 5]; [0; 2 [i 1; 1L [0; 2] ;
to get a regular pentagon.
n [0}
Example 2.5 In Fig. 5 we useS = H (©; O);(il;O);(l; 1);(0;1) and Js that
consists of four copies of the interval0; 2=2 to get a regular octagon.
Example 2.6 In Fig. 6 we use
n3 3 p 3 p _,O
S= .10 01; (?] 3;01—3 ;
Jo= OO0 (3 921

to get an irregular nonagon with all equal sides.

Example 2.7 In Figures 7 through 12 we show six di®erent convex interval
hulls corresponding to the same se$ that is used in Example 2.6. We start
with an equilateral triangle in Fig. 7 and proceed by changupone interval at
each step to nish with a regular dodecagon in Fig. 12. We use thellfaving
families of intervals:

Fig. 7 Js = n[0; 250,25 [0, 2 i 1, O]O;

Fig. 8 Js = n[0; 151025 [0 2] [i 1 O]O;

Fig. 9 Js= [01F[0:13[0:2L [i 1;0] ;

Fig. 10 Jg = n[0; 1[0 1 [0, 1L [i 1, 0]0:

Fig. 11 Js= [OF[0F[01[Li ©30]

Fig. 12 Jo= [OILOAL0 L[ 32+ 3]

Example 2.8 In Fig. 13 we use
Y23 ‘3 © 3 p_'3 p_ q_'%
S= i5060; 1,0,0; 0, 30; 0;1= 3,2 2=3
h i
and J s that consists of four copies of0; 2=3 to get a truncated tetrahedron.
Notice that the points of S are vertices of a tetrahedron.
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Fig. 7. Step 1 Fig. 8. Step 2 Fig. 9. Step 3

Fig. 10. Step 4 Fig. 11. Step 5 Fig. 12. Regular dodecagon

Example 2.9 In Fig. 14 we use

%) © 3 © 3 © 3 " Yy
S= 000; 1;00; 0;,0; 0;0;1
Yon ih ih ih i%
Js= i21;01;01; 0,1
to get a cube.
Example 2.10 In Fig. 15 we use
2u fu  Twop 1% St A 02
S=. iL060; 300 ; 0 30 ;@0;19—?,;2 éA; 0;p—§;97_3.

| Va

Yh ih ih ih ih i
;i 20

Js= 01;01;01; 01

to get a rhombic dodecahedron. The rst four points ofS are vertices of a
tetrahedron and the fth point is its orthocenter.

Example 2.11 In Fig. 16 we use the sam& as in Example 2.10 and

i Ya

h i
i 1=2,0

Yh ih ih ih

[
Js= 01;01;01; 01;
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Fig. 13. Truncated tetrahedron Fig. 14. Cube

N

Fig. 15. Rhombic dodecahedron Fig. 16. Example 2.11

3 Basic properties of convex interval hulls

In this section most proofs are omitted since they are, though satimes
lengthy, straightforward consequences of the de nitions. Therpofs that are
included indicate how to construct the omitted proofs.



Proposition 3.3 Let S = fxy;:::;Xng be a nite set of points in a linear
spaceL and letJs = flq;:: 1m0 I; 1 Ryj = 1;:::;m, be a family of
nonempty intervals. Puta; =inf I; andb =s ,,j = 1;:::;m, allowing
for the in nite values. Let ® = jmzl g and = LR, Then co(S Js) 6 ;

if and only if the following three conditions are satis ed:

@ ® 1-
(b) if ®= 1thena12I,,J—1 """ ;m; and
() if =1,thenb 21;;j=1;:::;

ProoE, Assume co§;Js) 6 ;. Then there exist» 2 Ij;j =1;:::;m, such
that = ., » = 1. Sincea - » - b;j =1;:::;m, it follows that ® 1.
This proves (a). If ® =1, then g = », and thusa, 21;; ) =21;::0;m. This
proves (b) and (c) is proved similarly.

To prove the converse assume that (a), (b) and (c) hold. I® = — = 1,
then each of the intervals is in fact a point and c@;Js) consists of a single
point. Now assume® < . It follows from Proposition 3.2 that without loss
of generality we can in addition assume tha® and are nite. Set

N U S T N .
»j—_i ®aj+_i®h, =1 00m:

|f easily follows that » 2 1j;j = 1;:::;m, and i L1 » = 1. Therefore x =
L1 mX; 2 co(S;Js): Thus co(S;Js) 6 ; and the proposition is proved. 2

Theorem 3.4 Let S = fxy;:::;Xng be a nite set of distinct points in a
linear spaceL and letds = flq;:::; 1m0 I MRy =100, ;m, be a family of
nonempty intervals. The seto(S;Js) is bounded if and onIy if at least one of
the conditions below is satis ed.

(i) All the intervals in Jg are bounded below.
(i) All the intervals in Js are bounded above.
(i) At most one interval in J 5 is unbounded.

If any of the conditions(i)-(iii) is satis ed, then there exists a family of bounded
intervals J 2 such thatco(S;Js) = co(S;JJ).

Proof. If all the intervals in Js = fl4;:::;1ng are bounded, then cd;Js)
is clearly bounded.



empty set is bounded, we assume ®(Js) 6 ;. By Proposition 3.3, we have
ma< 1.Letx 2 co(S;Js). Thenx = jmzl » X forsomey 2 155 =1;::0;,m;
such that {1, » = 1. For arbitrary k 2f 1;:::;mg we have

X0
»w =1 »<1j (mj l)a=a+1lj ma:
i6k
Thereforea < », <a+1j ma: From this if follows that co(S;Js) pu co(S;JJ),
where J 0 is the family of intervals I? = [a; ] with i = minfa+1 j
ma; byg. By Proposition 3.2 the converse inclusion is also true. Conseaqitig

co(S;Js) = co(S;J ). Since each interval inJ  is bounded, the set cd$;J J)
is bounded. Thus co8;Js) is bounded, as well.

Similarly, (ii) implies that co(S;Js) is bounded.

Assume (iii). We can also assume that (i) and (ii) are not true. Thenactly
one of the intervals inJ 5 is unbounded and it equalR. Assume_thatl; = R
andlgj = [a;8La - Bi;a;h 2 Rjj =2;::;m Put ® = 1, & and
= L, b.Clearly®- . Letv2co(S;Js) be such that

x xn _
V=X, » =1, » 21l J=1;:,m:
j=1 j=1
Then
i - »=1j »2i¢%¢i»m' 1i ®:

[0}
Consequentlyv 2 co(S;J9), whereJ2= [1i 1 @®);lz:::;1m . There-
fore coS;Js) 1 co(S;J ). The converse inclusion holds by Proposition 3.2.
Therefore co;Js) = co(S;JJ). Since each interval inJ 2 is bounded, the set
co(S;J ) is bounded and so is c&;J s). This completes the proof of "if" part
of the theorem.

Next we prove the contrapositive of the \only if" part of the theorem. Assume
that (i), (ii) and (iii) are all false. This is equivalent to th e fact that the family
Js contains at least two unbounded intervals, say,; and |, such that 1 is
not bounded from below and , is not bounded from above. Lev 2 co(S;Js)
be such that

X X _

V= G Xj; ¢G=1, g2l J=1::;m
j=1 i=1

Then
(il ;a]uls and [c+1)p la
Consequently, for allt , 0,

(Cii t)Xg+(C+ )Xo+ X3+ CC& CyXm = V+ t(X2i X1) 2 €O(S;J5s):

10



Clearly

kv+ t(X2j x1)k, tkxoj xikjk vk; t, O
Since by assumptionx; 6 X,, the last inequality implies that co(S;Js) is
unbounded. The theorem is proved. 2

Proposition 3.5 LetT :lg! K be gn atne transformation between linear
ﬁpacesL agd K.Let S= x4;:::;Xm be a nite subset ofL and letJg =

I4;:::; 1 be a corresponding set of intervals for whiato(S;J s) is bounded.
Let Q = T(S) = fyi;:::;¥g be the set withk elements, wherek - m. Set
n o] X n o]

« Wwhere 10:= i Txi =,

3 ’ 3 ’ 3 ’
Thenco Q;Jg =T co(S;Js) : Each vertex ofT co(S;Js) is an image of
a vertex ofco(S;Js).

4 Convex interval hulls and polytopes

Example 2.7 shows that a convex interval hull of four points cahave twelve
vertices. In the next theorem we give an upper bound for the numer of vertices
of a convex interval hull for a nite set with m points. For a real numbert,
btc denotes the greatest integer that does not exceed

of closed intervals such thato(S;J s) is bounded. Therco(S;Js) is the convex
hull of at most
A 1 E z
n m points, where n = s, 1
n 2

and this bound is best possible.

Proof. It follows from Proposition 3.3 that there is no loss of genenay if we
assume that all the intervals inJ s are bounded. Set; =[a;;Q]; a <bj; j =

co(S;Js) is the image ofD under the linear mappingTs de ned in (1.3).

If v is a vertex ofD, then v must be on an edge oB. On the other hand, ife
is an edge oB intersecting | ; but not lying on |} 1, then there can be only one
vertex of D one. Thus, as.a simple consequence of [1, Theorem 5] we have that

| 1 can intersect at mostn M edges oB. From the two observations we infer

n

that D has at mostn ™ vertices. By Proposition 3.5, caf;Js) = Ts(D) has

n

11



3
m

fewer vertices thanD. 3SinceD has at mostn ' vertices we conclude that

m

. Vertices.

co(S;Js) has at mostn

To show that the bound is best possible we provide an example in whi

co(S;Js) has exactlyn ™ vertices. To this end denote bye%; e - W tfz)e
standard unit vectors inR™ and takeS = fxq;:::;XpgandJds = Iq;::00m
where
2mij 2n+1 ' 2
Xi= ———¢; and |j = 0 =1;::5;m
j 2 % iT Yomyoane1 T
Clearly 8 9
: o< X0 =
co S;Js = _j Xj - _j 2|J, _j =1 :
B! j=1 ’
. . L. —2mj 2n+1 .
This, after a straightforward substitution '# = 3j, gives
8 9
3 ’ < xn Xn =
co SJs = 3¢ :0- 3 - 1; 5 =mj n+1=2
gt =t 9
< =
= (Cuii®m)2C i =mj n+1=2 ;

where @ is the unit hypercube inR™. From the above it is immediately seen
that co S;Js is the intersection ofC and the hyperplane

Y 1 Ya

H= (G553 2R 3, +¢¢€3,=mj n+ 5

3

One can immediately check thaH intersects exactlyn 7 edges ofC at the

points whosem j n coordinates are equal to 1nj 1 coordinates are equal to
0 and exactly one coordinate is equal to=R. Therefore co§;Js), being the
intersection of H and C, has exactlyn ™ vertices. The proof of the theorem
is complete. 2

Remark 4.2 In the proof of [1, Theorem 5] the hyperplane

= fCyiitm)2R™ 13+ ¢C€ 3, = ng
s -

is mentioned as one which makes the bound ™ Dbest possible. In fact, this

T : :
hyperplane contains | vertices ofC. Since each vertex belongs to exactly
m

edges it could be argued that the hyperplane ; intersectsn 7 edges ofC.

edges ofC at distinct

m
n

Note that our hyperplane H actually intersectsn
points.

12



In the subsequent theorem we continue an examination of combiorial prop-
erties of coS;Js). We show that in special cases the number of vertices of
co(S;Js) cannot be too large. We need the following de nition.

De nition 4.3 A family of intervals Js = fl; = [a;B]; | = Ve Mg is
calledwideif dy + d, > 1j ®forallk 6 j whered; = hj a and®= [, &.

One can easily check that the familyd s considered in the example nishing
the proof of Theorem 4.1 is wide only when =3 or n =4 and in both cases
the maximal number of vertices of cd$;J s) guaranteed by Theorem 4.1 is the
same as the one guaranteed by the following theorem.

a8 <by<1j ®+ g and® < 1. Then co(S;Js) is the convex hull of at most
m(m j 1) points and this bound is best possible.

Proof. Similarly as in the proof of Theorem 4.1 we shall show that c8(J s)
is an image under a linear transformation of a polytope, dened by W, having
m(mj 1) vertices and lying in the hyperplane

n 0
L= i) 2R D o»+ o+ CC€ », =1

| 1. De ne

in which

There arem | 1 edges of ¢ emanating from a vertew; of ¢. Clearly, each
one of these edges intersects the hyperplakg at a point vj", k6 |.Itis easy
to check that

Vi=(a;:ihiiagiian); k6
wherec, =1 ®j d, + a. Thus, each intersection ¢ =¢ \ H;,j =1;:::;m,



vertex of W. Indeed, takevj" =(ap i hsiinagiii;an), k8 j. Obviously
vj" 2 ¢\ H{ fort 6 k. To show that alsovj" 2 ¢\ H; we need to check that
¢ (the k-th coordinate ofvj") is less thanhy. This is true since the inequality

G =1i ®j d + a <byg

is equivalent to

1i ®<Dbyj ak+dj = dk+dj
and the latter inequality is true because the familyd s is wide. In this way we
have shown that every vertex of ¢ gives rise tonj 1 vertices ofW. Thus W
is a polytope withm(m j 1) vertices.

Now consider a linear transformationTs : R™ ! L de ned in (1.3). We want
to show that co(S;Js) = Ts(W). The inclusion Ts(W) n co(S;Js) simply
follows from the de nitions given above.

To show the reverse inclusion, suppose to the contrary that thereists

z2 CO(S;Js) nTs(W):

P .
Of course,z 5 1, tjx; for somety;::i;ty such thatg - %5 - b, j =

i
1;:::;m,and L, 1 = 1. Obviously,

(Pq;:00tm) 2 @@f vyt vmgneconf vy il vinG: 4.1)

(11;:::;1m)=. LV (4.2)

does not belong to the interval [Q1]. In connection with the last observation
we infer that there existsiy such that , j, < 0. It is easy to check that (4.2) is
equivalent to

Coontm)=(ar+ 11§ ®);iian+ ,m(li ®);

14



which givest;, = &, + ,i,(1i ®) <a,, and contradicts the conditiona;, -
i, - hb,. Thus coS;Js) H Ts(W) and consequently cdd;Js) = Ts(W).
Therefore cof;Js) cannot have more thanm(m j 1) vertices.

Next we show that the numberm(m j 1) is attained for wide families. Let

€. e, be the unit vectors inR™. De ne
n [0}
S=fe;iiend Js= lyiiilm

A
where | = O;§ vl =100 m:

Clearly J 5 is a wide family and co§;Js) has exactlym(m j 1) vertices. 2

5 Minimal families of intervals

The convex interval hull of a setS essentially depends on the family of intervals
Js associated withS. In Example 2.1 we saw that the convex interval hull
produced by the familyJs of intervals [G t;] with t; > 1 produces the same
convex interval hull as the family of intervals [@1]. This observation indicates
that the latter family is in some sense minimal. In this section wele ne and
explore the minimality of families of intervals.

De nition 5.1 et S be a nite set of points in L. A family of intervals

Js= lq:::; 1y is aminimal interval family for the setS if
n 0
J&= A%y 1Pulj =1 m; and  co@;J8) =co(S;Js)
imply that
|jO:|J’J:1;...;m
_ n 0
De nition 5.2 LetJ = Iq:::0m beafang)ily of bounded intervals such
m

Ly and = ijzlq.The
family J is calledirreducibleif b.j ax - minflj ®; j 1gforallk=1;:::;m.

n o _ xn _ X
J = Igiindm sy =[] j=1::0m, ®= &, = b;
ji=1 j=1
and assume® - 1 - . In the rest of this section we will use the following

notation. With the family J we associate the following family¥ :

15



where
n _ 0 -n 0
g =max a;hi (Ci1); B=min bhig+(Li @ :
Since we assum® - 1- , we clearly have
a-&-B-b; j=1:0m (5.1)

The following implication is straightforward: if J is irreducible, thenJ = §.
In the next lemma we study the relationship betweed and § further. Among
other statements we prove the converse of the last implicatiolVe set
n3 ’ o}
b= 35003 2R™ i3 +¢ce3, =1 :
n (0]

Lemma 5.3 LetJ = Il;iD::;Im ¥ :_[a,-;lg];j =1;:::;m, be afamily_of
bounded intervals. Se®= " 1, & and = [1; b and assume®- 1-
The following three statements hold.

(@) Letk 2f1;:::;mg. The projection of the set
. ,

1,£¢¢¢H, \ ! %R

i
to the k-th coordinate axes inR™ is the interval B = &y; B .
(b) PECCCE, \ ! ;= [,£¢¢cA, \ ! .
(c) The family § is irreducible.

Proof. The statement (a) claims the equality of two sets. To prove it, le
3 ’ 3 ’

» i, 2 IhECCCH, \ | g

Then

xXn xXn s ’
» =1 » -1 g =1j ®j a
j=1;j6k j=1;j6k
and ]
xn xXn s
=1 y, 1 b=1i ih:
j=1;j6k j=1;6k

Sinceay - » - b, it follows that & - » - B. This proves that the
projection onto k-th coordinate is contained in the intervalk,.

For simplicity of notation, we will prove the converse inclusio for k = 1. Let
» 2 B. Then

n 0 n _ o
1i min b;ja;+1j ® - 1] » - 1j max a;;byj  +1
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and consequently
®j a;- 1j » - j b (5.2)
Since the function
j=2
is a continuous function onl, § ¢ ¢ ¢ £l ,, with the minimum ® a; and the

maximum | by, its range is ® a;; i by . Now (5.2) implies that there
exists 3 ‘

jection of ﬁ1£¢ ¢¢A, \ !, tothe k-th coordinate axes inR™ is the interval

B = & B . Furthermore, an application of (a) to the family § yields that
the same projection is the interval

’ n [0} n O
max &G B (P 1) ;min Boac+(@Li ®)
Consequently,
n [0} ) n [0}
B =max BB (Pi 1) ; Bo=min B;a+@1 ®) ;
and hence

B, Bi (Pi1; B om+(i @)
This implies that § is irreducible and the lemma is proved. 2

Proposition 5.4 Let S be a nite subset ofL and letJs be a corresponding
family of bounded intervals such thato(S;Js) 6 ;. Then

co(S;¥s) = co(S;Js):

Proof. The proposition follows from (b) in Lemma 5.3. 2
Theorem 5.5 Let S be a nite subset ofL and let Js be a corresponding

family of bounded intervals such thato(S;Js) 6 ;. If Js is a minimal family
for S, then Jg is irreducible.

17



Proof. , We provesthe contrapositive. Assume thaS hasm elements and let
Js = Iyl . Assume further that Js is not irreducible. Then there

minimal family for S. 2

The following example shows that the converse of Theorem 5.5nist true.

Example 5.6 Consider the setS of 4 points in R? from Example 2.7. LetJ g
be the family of four copies of the interval [p1]. Then co;Js) = conv S. The
family J s is glearly irreducible, butit is not a minimal family for S, since the
family Jg'= [0;1]; [O; 1]; [0; 1]; [O; t] ; for arbitrary t 2 [0; 1), clearly produces
the same convex interval hull.

In the next theorem we show that for atnely independent sets theonverse

B Ty + €& oy Y, (5.3)
is a bijection between |' and a®S.

Theorem 5.7 Let S be a nite atnely independent subset of and letJ s be
an associated family of bounded intervals. The familys is a minimal family
for S if and only if it is irreducible.

Rroof. Lef S be an axnely independent set withm elements and letd s =

Assume thatJs is not a minimal family for S. Then there exist a family of
intervals
n [0}

J&= 1312 suchthat 12p 1y; j =1;:00,m;
co(S;J ) =co(S;Js); (5.4)
and there existsk g f 1;:::; mg for which 12 is a proper subset of ;. Setting

19="a; ;1 = a;h , the last condition is equivalent to

i a) <bki a: (5.5)

Since the mapping (5.3) is a bijection, (5.4) is equivalentt

3 3

1L£CCCH, \ !y

19£¢¢ecal \ !y

18



By Lemma 5.3(a), the last equality implies that§¥ 2 = ¥s. Therefore, by (5.1)

and (5.5),
Boi be=Bi & i a<byi ac
Hencefs 6 Js, and consequentlyd s is not irreducible. 2

6 The convex interval hull and the homothety

Let + be a nonzero real number and 2 L. The transformation Hy : L ! L
de ned by

HX(X):= v+ £X; X2L;
is called ahomothety If + > 0 the homothety is calledpositiveand if £ < 0 the
homothety is callednegative The numberzis called theratio of the homothety
The image ofK Y2 L underH; is denoted byH (K ) and it is called ahomothet
of K. It is convenient to setH?(K) = ;.

v=_ %X and £=1j  °p (6.1)

Js= Iq;:::;1m be a corresponding family of nonempty intervals. Let2 L
and £ 6 0 be such thatH;(a®S) p a®S. Assume that (6.1) holds and set
hj(t)=° + xt;t2 R. Then

3 3

HZ co(S;Js) =co S;J2;

where 3
Jd=f1 180 12=h 1; 5 j=1;00m
3 3 3

Proof. To prove the inclusion coS;Jd p HE co(S;Js) ,lety2 co S;J2
Then there exist» 2 |;j =1;:::;m, such that

xoo3 xoo3

y= h; » x; and hy » =1:

i=1 j=1

Since, by (6.1), 0 1

19



: P °
with x = L, » x; 2 co S;Js we have

xn 3 ’ xn

— —_ —_ + .
y= °+En X = %Xt oyx = H(X):
J:l ]=l ]=l

The converse inclusion is proved similarly and the theorem is eslished. 2

Corollary 6.2 Let S =_fxy;:::;Xng be a nite set of points inL and let
G 2Rbesuchthat = 1, g 61.Sethj(t)=¢ +(1j °)tand
n 0 3

Jg= I%ly  with 12=hy [0;1]; j=1;:m

Then

. , s , -
co S;Jg =Hy " convS ; where v=  gX:

HI ()= v+(Lj °)x=Sv+(1 | °) Xj -V ; X2 a®S:

o

This expression shows thatv is a _xed point of HJi °. Since 0< 1} ° < 1

and 1v 2 convS, the homotetH} ° convS is a contraction of conVS and it
is completely contained in con\s.

The Gauss-Lucas theorem, see [7], states that all the roots of tderivative
of a complex non-constant polynomiap lie in the convex hull of the roots
of p, called the Lucas polygon op. The reasoning presented in Remark 6.3
was used in [3] to improve the Gauss-Lucas theorem by proving thall the
nontrivial roots of the derivative of p lie in a convex polygon that is a strict
contraction of the Lucas polygon op and that is completely contained in it.

We conclude this article with a result motivated by Examples 2, 2.3, 2.8
and 2.9. It is clear that the convex interval hull co§;Js) in Figure 2 is the
closure of a set di®erence of coBvand the union of two smaller homotets of
convS. Similarly, co(S;Js) in Figure 1 is the closure of a set di®erence of a
large homotet of con\S and the union of two smaller homotets of con8. The
reader will easily observe analogous properties of the conveterval hulls in
Figures 3, 13 and 14. In Theorem 6.5 below we give a general testhich
explains these observations.

Lemma 6.4 LetJ = I 00w ol
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®- 1- .Fork;j2f1;:::;mgde ne

h i
7= a;g+(1i ®;

8h i
Ik_zai?ai+(1i®)_i (b a) for j6k;
j_ 3

|
“hia+li ® for j = k:
Set ) )
3 \ (N .
B= I,£¢¢cA, 11, Bu=11 I;E£E¢ccAa,
k=1
ThenB\ B, = ; and
3 “\
B[ B,= I?£¢¢c¢cal | (6.2)
Proof. The equality B\ B, = ; is obvious. Since] is irreducible we have

b - g+1j.®forallj=1;:::;m. ConsequentlyB [ B, is a subset of
IPEceead \ | ..

To prove the converse inclusion in (6.2), let

3

(iiiom) 2 129£¢¢¢A2

|1 (6.3)
and assume that
(>>l;:::;>an)2gll£¢¢¢£1m,\ g (6.4)
Then there existsk 2 f 1;:::; mg such that
22 biact(i ® 65)

Next we prove the implication
xn Ho il
»=1) »- g+@1i ® i (i a) 8] 2f1:::;mgnfkg: (6.6)
j=1
Since the contrapositive is easier to prove, assume
912f1:::;mgnfkg suchthat » >a; +(1j ® (b i ax): (6.7)

Then, using (6.5) and (6.7), we nd

Xn 3 7 3 g
»>be+ a+(li ®f (ki &) + ®f ai a =1;
j=1
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and (6.6) is proved. Hence, we have shown that (6.3), (6.4) an@.5) imply
that

h i M l
» 2 a;g+ - (1 ®j (bei a) 8) 2f1:::;mgnfkg:

proved. 2

Theorem 6.5 Lef S = fxy;::;;Xng be an atnely independent set irL. Let

Js = Iyiinm 31y = [&58]) = 1;:::;m, be an irreducible family of
intervals and assume® = 1 < L Thenco S;Js is the closure of the
set di®erence of the sets

3 4 [m 5 o 3
H; convS and Ho g

wherev = ijzla,-xj;_:li ® andd =h i g;j=1;:::;m.

Proof. The claim of the theorem is equivalent to the equality

3 - [ [m s d 3 - +3 ’
co S;Js Hiigx CONVS = Hy convS (6.8)
j=1
3

together with the condition that 3the set,co S;Js has no common interior

points with the polytopes Hﬂ ;’; x, CONVS ; j =1;:::;m. To prove (6.8) and

the stated condition we use Lemma 6.4 and the notation introded there. For

n o] n o] P () 4 0
J2= 128 dk= kol s Je= Tl
SinceS is axnely independent the atne mapping
, .
»piilm Ty + CC€ oy Y (6.9)

is a bijection between |; and a®S. Together with Lemma 6.4 this implies

3 - [ [m 3 - 3 -
co S;Js co S;J& =co S;32 (6.10)
k=1
and, fork =1;:::;m,

3 ’ \ 3

coS;Js coSJ& =

22



s ,
Since (6.?) de nes a continuous mapping it follows that C(S;Ig Is a clo-

co S;Js have no common interior points.

By Corollary 6.2 we have
- 3 e 3 4 3

3 -
co0S;T5 = Hi% convS and coS;J2 = HE convs :

v+ dy Xk

Substituting the last equalities into (6.10) we get (6.8). Theproof is com-
plete. 2

References

[1] R. Ahlswede and Z. Zhang,An identity in combinatorial extremal theory, Adv.
Math. 80 (1990), 137{151.

[2] V. Boltyanski, H. Martini and P. S. Soltan, Excursions into Combinatorial
Geometry, Springer, 1997.

[3] B. &urgus and V. Mascioni, A contraction of the Lucas polygon Proc. Amer.
Math. Soc. 132 (2004) 2973-2981.

[4] J. W. Green and W. Gustin, Quasiconvex setsCanad. J. Math. 2 (1950), 489-
507.

[5] T. S. Motzkin, Endovectors Proceedings of the Seventh Symposium in Pure
Mathematics of the American Mathematical Society: Convexity, 1963, pp. 361-
387.

[6] M. L. J. van de Vel, Theory of convex structures North-Holland, 1993.
[7] R. Webster, Convexity, Oxford University Press, 1994,

23



