PERTURBATIONS OF ROOTS UNDER
LINEAR TRANSFORMATIONS OF POLYNOMIALS

BRANKO CURGUS AND VANIA MASCIONI

Abstract. Let P, be the complex vector space of all polynomials of
degree at mostn. We give several characterizations of the linear oper-
ators T : P, ! P , for which there exists a constant C > 0 such that
for all nonconstant f 2 P, there exist a root u of f and a root v of Tf
with ju vj C. We prove that such perturbations leave the degree un-
changed and, for a suitable pairing of the roots of f and Tf, the roots are
never displaced by more than a uniform constant independent on f. We
show that such \good" operators T are exactly the invertible elements
of the commutative algebra generated by the di erentiation operator.
We provide upper bounds in terms of T for the relevant constants.

1. Introduction

Let n be a positive integer, and denote byP, the (n + 1)-dimensional
complex vector space of all polynomials of degree at most. Let T be a
linear operator from P, to P,. In [1] we proved that for each non-constant
polynomial f 2 P, the polynomials f and Tf have at least one common
root if and only if T is a non-zero constant multiple of the identity on Py,.
In other words, if T is not a multiple of the identity, then there exists a
polynomial f 2 P,, such that f and Tf do not share any roots. A natural
qguestion to ask is: How far apart are the roots of Tf from the roots of f ?

This requires that we introduce a measure of distance betweae nite sub-
sets of the complex planeC. In Section 8 we introduce four such distances,
among which are two common ones:dy ; the Hausdor distance and dr,
the Fechet distance. The main result of this article is the characterization
of the set of those linear operatorsT : P, ! P , for which there exists a
constant C > 0O such that for all f 2 Py, the distance between the roots
of polynomials f and Tf is at most C. Here the distance can be any of
the four distances that we introduce, which implies that this set of \good"
operators will turn out not to depend on the distance used.

A simple example of a \bad" operator is the operatorR : P, ! P which
changes the sign of the independent variable, de ned by

(Rft)2)=f( 2); z2C; f 2Pq:
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If the roots of f are large positive numbers, then the roots oRf are negative
numbers with large moduli, making any of the distances that we consider
as large as we want.

To illustrate our result let  be a complex number and consider the lin-
ear operator S( ) : P, ! P , corresponding to the additive shift of the
independent variable. It is de ned by

(1.2) S() (2)=1f(z+ ); z2C; f 2P,

It will be quite clear that (with respect to any of the four dis tances) the
distance between the roots off and the roots of S( )f will be at most | |
(see Proposition 9.4). The Taylor formula at z implies that the operator
S( ) can be expressed as

n

2
— 2 n.
S()—I+—1!D+—2!D+ + D%

whereD : P, ! P , is the operator of di erentiation with respect to the
complex variable. This example hints at the main result of this article stated
in Theorems 7.3 and 11.1. We paraphrase it below.

Let T 2 L(P,); T 6 0, and let Z(f) denote the set of the roots of a
non-constantf 2 P,,. The following statements are equivalent.

(i) There exists a constant C > 0, which depends on the distanced, such
that d Z(f);Z(Tf) C for each non-constantf 2 P,.

(1.2) T=al+aD+abD?+ +a,D™

In (i) the symbol d can be replaced with any of the distancesl,; dn; dy ; dr
from Section 8. Thus (i) really stands for four equivalent statements. More-
over, for T described in (ii) and for each of the distances, in Theorem 1@
we give an estimate for the maximum possible distance betweethe roots
of f and the roots of Tf in terms of T.

Surprisingly, we found only one article, [14], which consi@rs the rela-
tionship between (i) and (i) as stated above. In [14] an entrely di erent
method was used to prove that (ii) implies (i) with the distance d = d.
The converse was not considered in [14]. Also, no speci ¢ dstate for C is
given there, which is in part due to the use of \soft" theoremsfrom complex
function theory.

It is not surprising, though, that the location of the roots of Tf in relation
to the roots of f for T as in (ii) has been extensively researched, see [12,
Sections 5.3 and 5.4]. In fact, the implication (ii)) (i), with the distance
d = d, is a consequence of Grace's theorem, [12, Theorem 5.3.1].orF
completeness we include the details in Sections 2 and 5 belowurthermore,
[12, Corollary 5.4.1] is fundamental for the proof that (ii) implies (i) with
the distanced = dr.

The article is organized in twelve short sections; the rst sction being
this introduction. In Section 2 we recall Grace's theorem am one of its
consequences. This consequence is of interest to us sinceSection 5 we



PERTURBATIONS OF ROOTS OF POLYNOMIALS 3

restate it in terms of operators on P,,. To this end, in Section 3 we study
the algebra of operators given by (1.2) and a connection beteen this algebra
and Py, is explored in Section 4. Since the proofs in Sections 3 and 4eashort
and interesting we have not omitted them. In Section 5 we presnt a version
of Grace's theorem for linear operators onP,,. This theorem and a result
from Section 6 are the main tools in Section 7, in which the rg version of
our main result is formulated as Theorem 7.3. This is where werove the
equivalence of (i) and (ii) stated above. In addition, Theorem 7.3, among
several equivalent statements, contains the converse of @ce's theorem for
linear operators. In Theorem 7.3 we do not use the concepts alistances
from Section 8. We wanted to keep the rst part of the article, Sections 2
through 7, independent of these concepts.

However, the second part depends heavily on the four distares from
Section 8. Why these four distances? The distancal,, is the simplest
(\the two closest points distance"), dy, and dg are implicitly already present
in theorems about roots of polynomials, and the Hausdor didance dy is
probably the simplest distance which is a metric. In Sectiors 9 and 10, for
each distance, we give exact calculations and estimates fahe maximum
possible distance between the roots of and the roots of Tf in terms of
T. Finally, in Section 11 we present the main theorem, Theoremll1l.1. We
conclude with several examples in Section 12.

We now introduce the basic notation. By deg( ) we denote the degree of
a polynomial f 2 P,. For a non-zero polynomial f 2 P,, Z(f) C will
denote the multiset of all the roots of f , that is, each root of f appears in
Z(f) as many times as its multiplicity as a root of f . Thus Z (f ) has exactly
deg( ) elements, and these are not necessarily distinct. The digtction
between sets and multisets is essential only when we considéhe Fechet
distance dr. In all other casesZ(f ) can be considered simply as the set of
roots of f . For completeness we se¥ (0) = C.

By L(Pn) we denote the set of all linear operators fromP, to P,. We
shall simply refer to elements inL(P,) as operators. Whenever we need
a basis forP, we shall use the basis ¢; 1;:::; n (in this listed order)
where (z):= z%=kl; k=0:1;:::;n.

By D(w;r) we denote the closed disk inC centered atw 2 C with radius
r > 0. The letter z always stands for a complex number. ForA;B C
wedeneA+ B =fu+v:u2Av2Bgand A:=f u:u2 Ag By
convA) we denote the convex hull ofA. Thus, for f 2 P, convZ(f) is
the convex hull of the roots of f .

Finally, we thought it would be in reader's interest to try to have as many
references as possible pointing to a single source, and theaent monograph
by Rahman and Schmeisser [12] is perfectly adapted to the t&s Another
standard reference in this eld is [7].
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2. Grace's Theorem

We begin with the de nition of the -product of polynomials which ap-
pears in [13, page 375] (see also pages 148 and 178 in [12]).

De nition 2.1. Let f;g 2 P, be polynomials such that deg = degg =

of f and g with respect to the basis ¢o; 1;:::; n of P,. Set
|
xn ‘ xn ‘ X Xk ok
(t @)= bi™ Y= ad" Y@= B b j
k=0 k=0 k=0 j=0 )

The reader can easily verify (or see [13]) that the three sum¢hat appear
in the de nition are equal for all z 2 C.

De nition 2.1 requires that the polynomials which are being -multiplied
have the same degree. The de nition depends on the common dege and
the -product is a polynomial of the same degree. It is clear that is
commutative.

The next de nition is equivalent to the standard one, see [12 De ni-
tion 3.3.1]. As before, Rf )(2) = f( 2).

De nition 2.2.  Two polynomials f and g with equal positive degrees are
apolarif f (Rg) (0)=0.

The symmetry of the apolarity relation follows from the straightforward
equality g (Rf)=( 1)™f (Rg).

The most important result about apolar polynomials is Gracés theorem,
see [12, Theorem 3.4.1].

Theorem 2.3 (Grace). Let f and g be apolar polynomials. If is a circular
domain and Z(g) ,then 02 Z(f)

With S( ) as dened in (1.1) we clearly haveZ S( )p =f g+ Z(p)
for any polynomial p. Let now f and g be polynomials with the same
positive degree. It is easy to verify that S( )f (Rg)=S( ) f (Rog) :
Combining the last two equalities we conclude thatS( )f and g are apolar
ifand only if 2 Z(f (RQ)). Applying Grace's theorem to S( )f and g
yields that Z f (RQ) Z(f) whenever is a circular domain and
Z(9) . Since Z(Rg) = Z(9g) this leads to the following theorem, see
[12, Theorem 5.3.1].

Theorem 2.4. Let f and g be polynomials with the same positive degree.
If is a circular domain and Z(g) ,thenz(f g ZzZ(f)+

For a xed g2 P, with degreen, the mappingf 7! f g,f 2P,nPy 1,
is a restriction of a linear combination of derivatives. We dall explore the
relationship between the -product and operators on P, further. For that
purpose we rst study linear combinations of derivatives.
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3. The commutative algebra D(Pn)
The following de nition introduces our main object of study .

De nition 3.1. Let D : P, ! P , be the operator of di erentiation on Py,.

(3.1) T=al+aD+ +a,D"2D(Py);

To get familiar with the operators in D(Py) we rst obtain their matrix
representation with respect to the basis ofP, de ned as

(3.2) 00 ;i1 on s W(2) = Z°=kl; k=0;:::;m

(3.3) D m= mki0 k m and DX ,=0; m<k n
Consequently, for T given by (3.1), we have
B4 T m=amotam 11+ +amitam mMm=0;:15nm

and thereforea, = T 1 (0); m=0;:::;n. Equalities (3.4) imply that the
matrix of T with respect to the basis in (3.2) of P, is the following upper
triangular Toeplitz matrix

3
d a1 a an 1 an
0 ag a an 2 an 1
0 0 a an 3 an 2
0O 0 O ag a1
0O 0 O 0 ag

Additional basic information about D(P,) is provided in the next three
statements.

Proposition 3.2. Let T 2 L(Pn). Then T 2 D(Py) if and only if T
commutes withD.

Proof. All elements of D(P,) clearly commute with D. To prove the con-
verse,setG, = T2L(P,): TD = DT . Clearly G, is a subspace of (P,)
and D(P,) C,. Let T2C,. By (33), T = TD" kK , = D" kT |,

Therefore dimG, dimP, = n+1. Since l;D;:::;D ", are linearly in-
dependent elements ofG,, it follows that dim G, = n + 1. Consequently
Gy = D(Pn).
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Corollary 3.3. D(Pp) is a maximal commutative subalgebra of (Pp).

The proposition below can be proved in di erent ways. See, foexample,
the last paragraph in Section 4. We include this proof sincets method is
also used in Section 10.

Proposition 3.4. Let T 2D (P,). The operator T is invertible if and only
if T 9060. If T isinvertible, then T 12D (P,).

Proof. The \only if* part of the rst statement is obvious. To prove t he \if"
part assume that T ¢ 6 0. First note that since D 2 D (Py) is nilpotent,

each operatorl D 2D (Py) is invertible and
(3.5) (I D)'=1+ D+ + "D"2D(Py):

Now let T 2 D (Pp) be given by (3.1) and assumeT o 6 0. Then, by
(3.4), ap = T ¢ 6 0. Following [12, Section 5.4, p. 151], let 1;:::; n be

the roots of
agzZ"+ayz" '+  +a, 1z+ a,
counted according to their multiplicities. Then clearly,
Y Y
ap + + a, ZN = a_Ozn 1 )
i=1 j=1

and therefore,
(3.6) T=T(ag;:::;an) = ap I iD :

j=1
As a product of invertible operators, T is invertible. Since the inverse of each
of its invertible factors is in D(P,), Corollary 3.3 implies T 12 D (P,).

4. The algebra D(P,) and the vector space Pn
In this section we explore the relationship betweenD (Py) and Py,.
De nition 4.1. Dene $ :D(P,)!P , by
$(M:=T n; T2D(Pn):

(4.1) $(TM)=a n+a@ n1+ +a8 1 1+a o
Results from Section 3 and (4.1) yield the following propodion.

Proposition 4.2. The operator $ is a linear bijection. The image under
$ of the set of all invertible operators in D(P,) is the set of all polynomials
of degreen.

SinceD(Py) is a commutative algebra, it is natural to use $ to equip Py
with an algebra structure. We do that next.
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De nition 4.3.  The ?-product is de ned on P, by
(4.2) f2g:=% $ Y(f)$ Yg): fg2P,
The properties of D(P,) and $ yield the following corollary.

Corollary 4.4. (a) The vector spaceP, equipped with the?-product is a
commutative algebra with unit .

(b) The operator $ : D(P,) ! P , is an algebra isomorphism.

(c) The ?-invertible polynomials are exactly the polynomials of dege n.

(d) For eacﬂm 210;1;:::;n 1g, the set

(4.3) f2P,:degf = n; f®©0)=0; k=0;:::;n m 1

0o

is a ?-subgroup of the?-group PpnPy 1.
Now we are ready to establish the connection with the operates on P,,.

Proposition 4.5. Let T 2D (Py,). Then,
Tf=1?2 $(T) = $(T) ?f; f 2Pg;
(Tf)?2g=12(Tg = T(f?2g); f,g2Pn:
Proof. Let T2D(Py)andf 2P,. Iff = $(V)=V ,,then$ X(f)=V,
and therefore $ (f) ( )= f. Using successively the commutativity of?,
the fact that $ is an algebra isomorphism, the de nition of $ , and the last
equality, we calculate
f? $(T) =$(M)?2f=9%T$ X(f) =T ($ () n) =TH
Now the second claim follows from the associativity of the?-product.

The de nition in (4.2) is convenient since it emphasizes theconnection
betweenD(P,) and P,. However, the formula for the ?-product in terms

to express$ 1(f) and $ 2(g) in terms of the coordinates off and g, then
we calculate the composition$ 1(f)$ 1(g), and allgain, we use (4.1) to get

XXk Sk
(4.4) (f?9)(2) = i b 17

k=0 j=0 '
If degf = degg = n, a comparison of (4.4) and De nition 2.1 with m = n,
yields that f g= f ?g. More generally, the following proposition holds.

Proposition 4.6. Letf;g 2 P,, degf = m and degg= n. Then
(4.5) f (D" Mg)=f2g:

tative group. The mappingD"™ ™ restricted to the set (4.3) is an isomor-
phism between the commutative grou4.3) equipped with the?-product and
PmnPn 1 with the -product.
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terms in (4.4) and useam+1 = = a, =0 to get a proof of (4.5):

X _ xn .
f?g= ajg(” i) = a D" Mg mD_¢ pn Mg:
j=0 j=0
The mapping D" ™ restricted to the set (4.3) is clearly a bijection be-

tween that set and P, nP, 1. Let now h and g be polynomials in the
set (4.3). Using (4.5) and Proposition 4.5 we calculate

(D" ™h) (D" Mg)=(D" ™h)?g=D" M(h?g):
This proves the last claim of the proposition.

The fact that P, nPy, 1 with the -product is a commutative group was
proved in [13]. Moreover, in [13] the reader can nd a nice fomula for the
inverses.

5. Grace's theorem for linear operators

The next theorem is a restatement of Theorem 2.4 in terms of oprators
on P,. The role of g in Theorem 2.4 is now played by an invertible operator

Z(9).

Theorem 5.1. Let T 2L (Pn). If T 2 D(Py) and T is invertible, then
Z(Tf) z(f)+ forall f 2P,nfOg and for all circular domains  such
that Z(T ) ck=1;::::n.

Proof. Let T be an invertible operator in D(P). For a constant non-zerof
the theorem is obvious. Letf be a non-constant polynomial inP,,. Setm =
degf . Then, by (3.4) and Proposition 3.4, deg{Tf)= m and deg $ (T) =
deg T n = n. Propositions 4.5 and 4.6 yield

(5.1) Tf=f?2 T, =f D"™T ,:

Let be a circular domain such that Z(T ) forall k=1;:::;n. Since

by Proposition 3.2 and (3.3),D" "T ,=TD" ™ , =T |, the theorem
follows from (5.1) and Theorem 2.4.

Corollary 5.2. Let T be an invertible operator in D(Py,) and let be a
convex circular domain such thatZ(T ) . Then Z(Tf) Z(f)+
for all f 2 P,nf0g.

Proof. By the Gauss-Lucas theorem, see [12, Theorem 2.1.14, D" kT |
convZ(T ) ; k=1;:::;n. Hence, for a convex , Z(T ) implies
Z(T x) ; k=1;:::;n, and Theorem 5.1 applies.

Theorem 5.1 is a motivation for the following de nition.

De nition 5.3. An operator T 2 L (Pn) will be called Grace operator if
there exists a niteset A CsuchthatZ(Tf) Z(f)+ forall f 2 P,nfOg
and for all circular domains such that A
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The question whether each Grace operator is an invertible ogrator in
D(Pn) will be answered by Theorem 7.3.

6. The first step towards the main result

Lemma 6.1. Let T 2L (P,); T 6 0. Assume that there exists a constant
C > 0 such that for each non-constant polynomialf 2 P, there existu 2
Z(f) andv 2 Z(Tf) such thatju vj C. Then the matrix of T with
respect to the basis ¢;:::; n of P, is upper triangular and the main
diagonal entries are all equal to the same non-zero constarit .

Remark 6.2. Note that the hypothesis of Lemma 6.1 implies thatZ (Tf) 6 ;
for all non-constant f 2 P,,. Further, the conclusion of the lemma implies
that T maps constant polynomials into constants.

the polynomials ,, (t"™=m!) gand T , (t™=m!) o . By hypothesis
these two polynomials have roots which are at mostC apart. Thus, for
eacht > 0 there exists anm-th root of unity (t) such that the polynomial
T m ({t™=m)T o has a rootw(t) in the disc D(t (t);C). If we assume
that T ¢ = 0, then the last statement would imply T ,, = 0. Since m 2

holds.
Setv(t) = w(t) t (t);t> 0. Sincev(t) 2 D(0;C) and (t) 2 D(0;1),

(6.1) (T )t @)+ v) =0 t9.T - 1 +1;

and deg(T ) is the smallest power oft for which (6.1) holds. The special
case of (6.1), withk =0, implies, foreachm =0;:::;n,

(6.2) @M=mi)(T o) t (t)+ v(t) = O tm*dea(T o) - 1 +71 ;

and m + deg(T o) is the smallest power oft for which (6.2) holds. Recall
that by the de nition of (t) and v(t) we have

(6.3) (T m)t )+ v(t) =(t"=mI)(T o) t (+Vv(t); t>0
This, (6.1) and (6.2) imply
deg(T )= m+deg(T o); m=0;1;:::;n:

Since deg[ ) n, the last equality with m = n implies deg(T o) = 0O;
that is, T ¢ is constant. Consequently,

(6.4) deg(T m)=m; m=0;1:::;n:
Hence, the matrix of T with respect to the basis ¢;:::; n of P, isupper
triangular.

The main diagonal entries of this matrix are equal to the limits

(T m)(2).
Am
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existence of which is a consequence of (6.4). Sinadt) 2 D(0;C) and
(t) 2 D(0; 1), (6.3) implies that these limits all equal to the constant T .
The lemma is proved.

The following theorem is the rst step towards a complete ansver to the
guestion posed in the Introduction.

Theorem 6.3. Let T 2L (P,); T 6 0. Assume that there exists a constant
C > 0 such that for each non-constantf 2 P, there existu 2 Z(f) and
v2 Z(Tf) suchthatju vj C. Then

(6.5) T=al+ayD+ +a,D";

where

(6.6) a=(T 9)0)60 and a=(T KO); k=1;:::;n:
Proof. Let T be as in the hypothesis. De ne the coe cientsa,; k =0;:::;n,

by (6.6). Next we shall prove (6.5).
From Lemma 6.1 we know that the matrix of T with respect to the basis
o,:::; n of Py is upper triangular and the main diagonal entries are all
equal to the same non-zero numbegg := (T ()(0) (and thus the statement
ap 8 0 in (6.6) is justi ed). This implies that T is invertible and

(6.7) T o= (T 0)0) o=a0 o
(Remember that o(z) ;=1 forall z2 C).
Since o;:::; n Iis abasis forPy,, (6.5) is equivalent to
68 T m=a m+a ma1+t +ami1 1+tam o M=0;::;n

We prove (6.8) by complete induction with respect tom. By (6.7) equality

m = 0;:::;k 1. We need to prove that (6.8) holds form = k. By
Lemma 6.1, T | is a polynomial of degreek:

X
Tv@= b @

j=0

wherely 2 C;j =0;:::;k. The rest of the proof is devoted to calculating
the coecients by;j =0;:::;k
Let w 2 C be arbitrary and consider the polynomial px(z) .= «k(z w).

Using the binomial expansion of ¢ w)¥ and the induction hypothesis, for
all z2 C, we get the identity

X 1
T (2) = j—,( wy T« (2)
j=0

X K
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Kl )d( 1 B(J a .
= b + + = i A ki
by |:oh k 1(2) - J!( w) R |)!z

K1 b
_ K I
= bt G
_01 0 | !
=0 (kN =1 ] z
2 3
XKt p a X' k1w
= b+ 4 + I ) Z 5k
N CI TR CIN) z

By hypothesis, for eachw 2 C there exists u(w) 2 Z(Tpx) such that
jw u(w)j C. Put v(w) = u(w) w and note that jv(w)j C for all
w 2 C. The substitution z = u(w) = w+ v(w) in the last long displayed
identity yields

3
X1 1 X! k | W j K 1
b+ ———4h+a : ———— D w+ v(w =0;
L, (kD! a1 wEvWw) w)
which simpli es to
%
K1 1 v(w) k|l k|
(69) h( + - (k I)l h + a| m 1 w + V(W) = 0,
using
L w J w k|
o w+ v(w) v v(w) L
Regrouping terms in (6.9) yields
K1
610) bt o wevw) KT A yvw) =0

o (K1) o (kD)

Sincejv(w)j C for all w2 C the last sum in (6.10) is a bounded function
of w. Therefore (6.10) implies

Xth a K |
w + v(w) = 0(1); jwj! +1:
=0 (k D!
Again, sincejv(w)j C for all w2 C, the last displayed relation yields

bh a=0; 1=0;1:::;k 1
Since clearly b, = (T ¢)(0) = ax, we have proved that (6.8) holds for

m = k. By induction, (6.8) holds for all m =0;1;:::;n, and the theorem is
proved.
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7. The first version of the main theorem
Let f be a non-constant polynomial. The number
%f]:=max juj:u2 Z(f)
is called theroot radius of f .

Proposition 7.1. Let T be an in invertible operator in D(P,). Then for
every non-constantf 2 P,, and for eachv 2 Z(Tf) there existsu 2 Z(f)
such thatjv  uj  %T ,].

Proof. Since the proposition is trivial for a non-zero constant mutiple of the
identity operator, we assume that T 6 agl. Then, by (3.4), T ,] > 0.
Let f 2 P, be a non-constant polynomial. SinceD O;%T ,] is a convex
circular domain and Z(T ) D O;%T ,], Corollary 5.2 yields

Z(Tf) Z({f)+ D O;%T ,]:

Thus, for each non-constantf 2 P,, for every v 2 Z(Tf) there exists
u2Z(f)suchthatju vj %T ]

Remark 7.2. The conclusion of Proposition 7.1 can also be expressed as

Z(Tf) [ D u;%T ,]:
u2Zz(f)

The following theorem is the main result of this section.

Theorem 7.3. Let T 2L (P,); T 6 0. The following statements are equiv-
alent.

(@) T is an invertible operator in D(Py).

(b) T is a Grace operator.

(c) There exists a constantC; > 0 such that for each non-constantf 2 P,
and for eachw 2 Z(Tf) there existsv 2 Z(f) such thatjw vj Cj.

(d) There exists a constantC, > 0 such that for each non-constantf 2 P,
there existu2 Z(f) andv 2 Z(Tf) such thatjv uj Co,.

(e) T is invertible and it commutes with the di erentiation operator D.

Proof. With A = S Z(T ¢): k=1;:::;n , the implication (a)) (b) fol-
lows from Theorem 5.1.

The following short proof of (b)) (c) is similar to the proof of Proposi-
tion 7.1. Assume (b) and letA C be a nite set from De nition 5.3. Let
Cy > 0 be such that A D(0;Cy). Let f 2 PonPy. SinceD(0;C,) is a
circular domain, by De nition 5.3 we have Z(Tf) Z(f)+ D(0;Cy). Hence,
for eachv 2 Z(Tf) there existsu 2 Z(f) such that v u 2 D(0;C,). This
proves (c).

The implication (c)) (d) is obvious and (d)) (a) was proved in Theo-
rem 6.3. Since (a) (e) is an immediate consequence of Proposition 3.2, the
theorem is proved.
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8. Distances
Recall the following standard de nition:

De nition 8.1. Afunction d: X X ! [0;+1 )is ametric on a nonempty
set X, if for all x;y;z 2 X we have

(&) d(x;x) =0;

(b) d(x;y) =0 implies that x = v;

() d(x;y) = d(y;x);

(d) d(x;z) d(x;y)+ d(y;2).

The problem of measuring the distance between two nite setsof points
has been considered in several seemingly unrelated areasretearch. For a
recent account and references see [3].

The best known metric on the family of nite nonempty subsets of C is

the Hausdor metric de ned as
n 0

dy (A;B) := max rxnﬂx U;lgjx vi; rxrlzan ;T;IEJX v
where A and B are nonempty nite subsets of C. That the function dy
is really a metric on the family of nite nonempty subsets of C is a simple
exercise.

To connect the Hausdor metric to Theorem 7.3 we introduce two related
functions. We informally call these functions distances since they indicate
the location of points of one set in relation to the other. For two nonempty
nite subsets A and B of C de ne

dn(A;B):=min jx vyj:x2A;y2B ;
dh(A;B):=max dn A;fyg :y2B :
Now, the Hausdor metric can be expressed as
du (A;B) =max dn(A;B);dn(B;A) :

Clearly neither of the functions d,, and d, is a metric. The function dp,
satis es only (a) and (c) and d;, satis es only (a) and (d) in De nition 8.1.
The function dy, is sometimes called asymmetric Hausdor distance. Both
distancesdy, and dy, appear implicitly in Theorem 7.3.

The de nitions of dn, and d, can be extended to include the empty set and
the entire complex plane, which correspond taZ (f ) for f 2 P gnf Og and Z (0).
For both d= dy, andd = dy, we setd(;;;)=0and d(A;;) = d(;;A)=+ 1
wheneverA 6 ;. For either A = C or B = C the original de nitions make
sense, giving the value 0. It is in this extended sense thatly; dy, and dy
will be used in the rest of the article.

Another well known metric is the Fechet metric (see [5] where a similar
de nition was rst introduced, or [4, Chapter 6] where an analogous metric

By m we denote the set of all permutations of M. For two functions
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u;v:M! Cwedene

dr (u;v) = rr;inm %a&/lx u(k) v( (k) :

The function de is not a metric on C™ since it does not satisfy (b) in
De nition 8.1. But dr is a metric on the factor setC™= , whereu v,

dr (u;v) = 0. The elements of the factor set C™= can be identi ed with
\unordered" m-tuples, that is with multisets of m complex numbers in which
a same element can appear more than once. This concept ts welith the
sets of roots of polynomials where roots can occur with mulflicities. In
this context the Fechet metric is de ned for two multisets of m complex

d=(U;V) ;= min max u v :
F( ) 2 m k2M K ()

In some ways this distance is a natural distance when perturhtion of the
roots of polynomials are studied, see [10, Theorem, p. 276§6] and [2]. For
a simple proof that dg is a metric see [2].

We are interested in the question of what happens (in a quantative sense)
to the roots of polynomials under linear operators onP,. The following
numbers give a \one number summary" answer to this question ér T 2
L(Pn):

Km(T):=sup dn Z(f);Z(Tf) :f 2P, ;
Kn(T):=sup dy Z(f);Z(Tf) :f 2P, ;
Ku(T):=sup dy Z(f);Z(Tf) :f 2P, :

The power of these de nitions is in the fact that the statements from
theorems in Sections 6 and 7 can now be formulated in a more cqgract
way. For example the hypothesis of Theorem 6.3 isK ,(T) < +1 and the
conclusion of Proposition 7.1 is:Kn(T)  %T ]

Since the Fechet metric is de ned only for multisets with t he same num-
ber of elements, we can de neKg (T) only for T 2 L (P,) with the property
deg(Tf) = deg(f) for every f 2 P,. For suchT we de ne

Ke(T):=sup de Z(f);Z(Tf) :f 2PhnPq :

Proposition 8.2. LetT;T; 2L (Py) and let be a non-zero complex num-
ber. Then

(@ Km(T) Kn(T) Kn(T).

(b) Kn(TaT)  Kn(T)+ Kn(Ty).

(©) Ku(TiT) Ky(T)+ Ky (Ty).

(d) Forinvertible T, Ky (T)=max Kn(T);Kn(T 1) = Kuy(T 1.

If degf ) =deg(Tf)=deg(T.f) forall f 2Py, then

(€) Ke(TiT)  Kg(T)+ Kg(Ty).

(f) Ku(T) Kg(T).

() T isinvertible and Kg (T) = Kg(T 1).
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Proof. The proofs follow directly from the de nitions, properties of the un-
derlying distances and properties of the supremum. A proof H(b) follows:
Kh(TiT) =sup dy Z(f);,Z(T,Tf) :f 2Png
sup dy Z(f);Z(Tf) :f 2Py,
+sup dy, Z(Tf);Z(T.Tf) :f 2P,
Kn(T) + Kn(T1):
To prove (d) assume that T is invertible. Then T P, = P,, and therefore
Kn(T YH=sup dy Z(f);Z(T ) :f 2P,
=sup dn Z(TQg);Z(Q) :92P, :
Now the rst equality in (d) follows from the de nition of Ky (T). The
second equality follows from the rst when T is substituted by T 1.
The remaining statements are proved similarly.
9. Exact Calculations
We start with general results for Ky, and Ky .
Theorem 9.1. Let T be an invertible operator inD(P,). Then
Kn(T)= %T n]l=dn Z( n);Z(T n) :
Proof. By Proposition 7.1,
dy Z(f);Z(TT) WT o, f 2PunPg:

Since T maps constants onto constants, it follows that K, (T) WT ]
Clearly, dn Z( n);Z(T n) = %T ,], and therefore, Kn(T) %BT ,].

Proposition 8.2(d) now yields:
Corollary 9.2. Let T be an invertible operator in D(P,). Then
Kn(T)=max AT o];%T * n]
=max dy Z( n);Z(T n) ;du Z(T * n)iZ( n)

Remark 9.3, Theorem 9.1 conveys that the worst possible perturbation of
roots measured by the distancedd, occurs at the polynomial . That is,
forall f 2P,

dh Z(f);Z(Tf)  dn Z( n);Z(T ) :

For the distance dy, by Corollary 9.2, the worst possible perturbation of
roots occurs eitherat ,orat T 1 . Thatis, forall f 2P,

dy Z(f);Z2(Tf) max dy Z( n);Z(T n) ;dy Z(T ! n);Z( n)

It would be interesting to know whether the last two inequalities must be
strict when f is not a multiple of .
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Exact calculations are possible only for simple operatorsn D(P,). We
study two such classes. Let; 2 C. As before,S( ) 2 D(P,) is the
operator that shifts the independent variable by de ned in (1.1). Further,
we de ne

He():=1 DK: k=1;::0:m
Proposition 9.4. Let 2 C and considerS( ) 2D (Pn). Then
Km S() =KnS() =Ku S() =Ke S() =]j i
Proof. Forf 2P, we havez S( )f =f g+ Z(f). Therefore,
dm Z(f);Z(SC)f) J | and dm Z( n);Z(S( ) n) =] I

HenceKy, S( ) =j j. The same argument can be used foK k.
Since$ S( ) = S( ) n, by Theorem 9.1 we have

KhS() =%S() n =] i
By Proposition 8.2 (d),
Kn S() =max Kn S( ) ;Kn S(C ) =]

Proposition 9.5. Let 2 C and considerHy( ) 2D (Py,) for k=1;:::;n.
Then S

jjn!

Knh He() = * Tk

Proof. By the de nition of $,$ Hyg( ) = Hg( ) n and

n k
H) 0 @ @ 0 k@= S 2 n n:o!

Consequently, %oHy( ) n = E)j jn!=(n k)!; and the proposition follows
from Theorem 9.1.

10. Estimates

Proposition 10.1. Let 2 C. Then

(10.1) (M) ) Ka Ha() Y onj i

Proof. To prove the rst inequality in (10.1) consider the polynomi al
g= "1+ "2 L4 + ni1t n:

A straightforward computation gives H1( )g=g g°%= , n: Hence,g
has a root at z = 0, while H1( )g has all of its roots on the circle of radius



PERTURBATIONS OF ROOTS OF POLYNOMIALS 17

(nH¥"j j. If we put f = Hy( )g, then g = Hy( ) f and the previous
observation about the location of the roots implies that
dh Z(f);Z Ha( ) *f (nh*"
This implies the rst inequality in (10.1).
To prove the second inequality notice that by (3.5),

X X
Hi() ' n (2= "K@= " k Z=

p k=0 k=0
The roots of ., « have been researched extensively; see for example
[11] and the refer%nces therein. Here we only need that the ot radius
of the polynomial E:o k is smaller than or equal to n. Consequently,
%H.( ) !, nj j and the second inequality in (10.1) follows from The-
orem 9.1.

Corollary 10.2. Let 2 C. Then
Ky Hi( ) =Kp Hi() ' =nj |
Proof. The corollary follows from Propositions 8.2 (d), 9.5 and 101.
Proposition 10.3. Let 2 C. Then
Ke Hi() n%j:

Proof. Let f be a non-constant polynomial inP, and 2 C. Consider the
set

n njj
- D + 17 -
Wt
w2Z(f)
By [12, Corollary 5.4.1(iii))] we have Z H1( )f , and in each connected
component 1; »;:::; g of the polynomials f andH.( )f have the same

number of zeros, counted according to their multiplicities Therefore
dre Z(f);Z(H1( )f) max diam( j):j =1;::5k
nj |

diam( ;) 2n—= = n?j j;

we conclude thatKg (H1( ) n?j j:

apz"+ 2" '+ +a, 1z+ ay
counted according to their multiplicities. Then
(10.2) Kn(T) nja+  +jnj;
(10.3) Ku(T) njaj+  +jaj;
(10.4) Ke(T) n?jaj+ +jaj:
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Proof. Lemma 6.1 implies that deg(Tf) = deg(f) for all f 2 P,. Thus
Ke(T) isdened and T P,nPy = P,nPy. By repeated application of
statements (b),(c), and (e) of Proposition 8.2 to (3.6) we gé

K(T) K Hi(1) + +K Hi(n);

where K can be eitherKy, Ky, or Kg. Now (10.2) follows from Proposi-
tion 9.5, (10.3) follows from Corollary 10.2, and (10.4) folows from Propo-
sition 10.3.

Remark 10.5 The problem of estimating the sum of the absolute values of &l
the roots of a given polynomial was studied by Berwald, see [8Theorem 2.3].

Proposition 10.6. Let T be an invertible operator inD(P,). Then
(10.5) Ku(T) Keg(T) (en®lnn)Ky(T):

Proof. The rst inequality was proved in Proposition 8.2. Let us now X
T 2 D (Pn) and assume that

_ 1 n 1 n 1 n n.
T=1+ =D+ + D" '+ DM
1! (n 21! n!

By the known estimate [12, (8.1.12)], all the roots ; of the polynomial

ni, 4_nt . n

2"+ 1z
! (n 11"

P i

are smaller than J- IIEL = By (10.4) we then have
X i 15

(10.6) Ke(T) n® —
= A

On the other hand, by Theorem 9.1 we have
(10.7) Kn(T)=dn Z( n);Z(T( n)) = %T ol
A lower estimate for %T ], where

1 n n
Ta@=o o+ | naz+ins o 02" T2
is given by another classical inequality (see [12, (8.1.1)]
(10.8) max j jjtT T ol
jn

P .
Combining (10.6), (10.8) and (10.7) and letting = jn:1 (G" ¥ gives
Ke(T) n® maxj j'7 n®Kn(T) n®Kp(T):
j n

To estimate , note that for j > 1 we have

11=‘<§< © <e|nj—'
J! i3 j 1
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where the rst inequality easily follows from Stirling's ap proximation [9,
p. 183], while the last one is a special case of [9, 3.6.17].n8e 1+pl—§ <eln2,
adding up gives

X 1 15

= — <elnn

. J!

=1
and thus, nally, Kg(T) (en®lnn)Ky(T) as we needed to prove.

The factor en®In n in the second inequality of (10.5) is plausibly far from
being best possible, but we have not pursued this line of endry.

11. The main theorem

We can now nally give a comprehensive and compact answer tohe
guestion posed in the Introduction.

Theorem 11.1. Let T 2 L(Pn); T 6 0. The following statements are
equivalent.

(@ T 2D(P,) and T is invertible.

(b) T is a Grace operator.

(€) Kp(T) < +1.

(d) Km(T) < +1.

(e) T isinvertible and TD = DT.

(f) Ku(M) < +1.

(g) deg(Tf)=deg(f) forall f 2P, and Kg(T) < +1 .

Proof. The statements (a) through (e) are equivalent by Theorem 7.3

The implication (a) ) (g) follows from Proposition 3.4, equalities (3.4) and
Theorem 10.4. Proposition 8.2 (f) yields (g) (f) and (f)) (c) follows from
Proposition 8.2 (a). The theorem is proved.

As D(P,) is a commutative subalgebra ofL (P,) we have the following
corollary.

Corollary 11.2. If T; T; 2 L (P,)nfOg satisfy any of the equivalent condi-
tions (a)-(g) in Theorem 11.1, then T and T; commute.

Remark 11.3 By Proposition 3.4 the statement (a) in Theorem 11.1 is equiv

alentto T lisinvertibleand T 12 D (P,). Therefore, the statements about
the operator T in Theorem 11.1 are equivalent to the corresponding state-
ments about the operator T 1.

12. Examples

In the next two examples we consider the impact of the operates from
D(Pn) on the roots of polynomials in P, for n = 1;2, where the compu-
tations can be carried out in all detail. While the situation for n = 1 is
as trivial as expected, the casen = 2 gives a good insight into why direct
calculations for larger matrices are bound to be unwieldy.
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Example 12.1. In Py we have

T(aga)( 1 Wo)=a 1 (aoWw @) o

Provided that ag 6 0, the polynomial T(ag;a1)( 1 W o) has a root at
W a;=&. Thus, the operator T(ag;a;) shifts all the roots by exactly
a;=ag. This also follows from T (ag; a1) = apS(ai=ay); see (1.1).

Example 12.2. Let wq;w> be arbitrary complex numbers. For the operator
T(ap; az;a) 2 D (P3) with ag 6 0 we have

T(ag;a;a) (1 w1 o)( 1 w2 0) (2

a; Wi+t w a a
=a0 22+2 = MU 74w i(W1+Wz)+£
and so the roots of T(ag;a1;a2) (1 Wi o)( 1 Wo o) are
S 2 2
Wi+ W, a wWp W a a
(12.1) == =2 == 2 =
2 ag 2 ag =l

In this case we see that, as predicted by our main resultpoth of the new
roots are uniformly close to the original wi;w». Also, we see that if all
the constants are real andaf apay then an invertible operator in D(P>)
\sends real roots into real roots". To check the statement onthe uniform
displacement of the roots, do as follows:

Call the roots in (12.1) z; (with +) and z, (with ). Since we are dealing
with complex humbers, let us think of the square root as havirg one de nite
value (then the  takes care of the second root). Also, to simplify the
algebra, de ne

2

a a a
1= hac and 2= hac 2.
ao ao ao

So, for instance, we have

W Wy 2 R

jZ1 waj o4+ — t 2 3

and similarly we can estimatez, wsi. Now, we have
Os 10s 1

2 2
wp W Wi W Wi W wp W
@ M Moo, , W Vg M W, M Wn.

2

and so we see that at least pne of the factors on the left hand d& has
modulus less than or equal to | »j. By what noted above, this means that

min jz;  wijjzz wij | 1j+ 2
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which (together with the similar estimates derived with w, instead of w;)
translates into the statement that the roots of

T(agsa;az) (1 Wi o)( 1 Wz o)
are not farther away from w; and w, than the uniform quantity
v _

u

a f a’ a

ao ag  ap

Example 12.3. This example shows thatKy(T) < K (T). It was found
with the help of Mathematica. We consider P3 and the operator T and its
inverse given by

2 2_, 4 3 1 2 2_, 4 3
=1+ =D+ = —D*; = D+ =D*+ —D*:
T=1 3 D 5 D >7 D° T I 3 D 5 D 57 D
Setf(z)=(z 1)z+1) and g(z) =(z+1)%(@z 1). Then Tf = g and
dr (Z(f);Z(g)) = 2. Mathematica calculated that

(12.2) %T 3 =%T 3 = % 1+ Ré 1:506614

Therefore 5 0

Kn(T)= 3 1+ 2 <2 Kg(T)
Since bothdr Z( 3);Z(T 3) andde Z( 3);Z(T ! 3) are equal to the
number in (12.2), this example also showsKg(T) is not related to 3
in the sense of Corollary 9.2. We leave it as an open problem t@x-
plore the existence and uniqueness of a polynomidl such that Kg(T) =
de Z(f);Z(Tf) .

Example 12.4. Several easy examples of \bad behavior" from an operator
T which does not satisfy condition (a) in Theorem 7.3 can be oldined as
follows.

Dene Tby T(f):=f +f(0) , forf 2 P,. Then T is clearly linear,
invertible and and does not commute with D. Thus, by Proposition 3.2,
T 62 OP,). If w2 Cnf0;1g is arbitrary, then Z T( , W o) consists
of all the n-th roots of nlw=1 w), while all the roots of , w o have
modulus " jwj, thus ensuring that the distance (with respect to each of the
distances introduced in Section 8) between the two multiset of roots can be
as large as desired (just letw approach 1).

The operator D belongs toD(Py,) but it is not invertible. With the same
polynomials as above we havZz D( n W o) = f0;:::;09 (n 1 zeros)
again showing that the distance betweer D( , w o) andZ( n W o)
(with respect to each of the distances, exceptls which is not de ned) can
be as large as we wish.

The operator dened by T(f) = f +(a, 1=n) o for f(z) = ag+ a1z +

+ apz", is clearly linear, invertible and its matrix with respect t o the basis
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since it does not commute withD. Polynomials that show that none of (d),
(c), (f) and (g) of Theorem 11.1 hold are (1 w )", w2 C. Namely, the
rootsof T ( 1 w )" are on the circle centered atw with radius " jwj,
andZ (1 w o)" =fw;:::;wg (n times).
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