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ABSTRACT. In this paperwe completethe proof that the materialparameters
canbeobtainedor achiral electromagnetibodyfrom the boundaryadmittance
map. We prove that from the admittancemap, the parametersre uniquely de-
terminedto infinite orderatthe boundary This removesthe assumptiorof such
knowledgein theresultof thesecondauthorregardinginterior determinatiorfor
chiral media.

INTRODUCTION

In this papemwe completetheproofthatthe materialparametersanbeobtained
for a chiral electromagnetibody from the boundaryadmittancenmap. We achiere
this by improving the boundarydeterminatiorresultof [7]. This enableghere-
moval of the assumptionn the interior determinatiorresultof [8] in whichit is
assumedhatthe materialparametersreknown to infinite orderat the boundary

The behaior of electromagnetidields in a body is describedby Maxwell's
equations.The electricdisplacemenandthe magneticinductionof the body are
relatedto the fields by the constituentequationswhich are definedin termsof a
numberof materialparametersThe parametersypically consideredarethe con-
ductvity, the electric permittivity andthe magneticpermeability A fourth, often
neglected,characteristiof anelectromagnetibodyis its chirality. Chirality is an
asymmetryin the molecularstructure:a moleculeis chiralif it cannotbe superim-
posedontoits mirror image,andthe presencef chirality resultsin a rotation of
electromagnetitields (se€[6]).

In [11], Somersaloet. al. presentedhe boundaryadmittancemap for time-
harmonicfields at a fixed frequeng for non-chiralbodies,and posedthe inverse
problemof whetheror notthe materialparametersf a body could be determined
from knowledgeof this boundarymap. In [9] it wasshawn thatthisis in factthe
caseassumingknowledgeof the parametersearthe boundary In [8], the second
authorshavedthatthe admittancamapis well definedalsoin the caseof a chiral
body, andthat knowledge of this map determineghe materialparameter®f the
body, including the chirality, throughoutthe body assuminghat the parameters
areknown to agreeto infinite orderattheboundary
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It is thereforepertinentto askwhetheror not the admittancanapin eachcase
determineshe materialparametersit the boundaryof thebody In [7] the second
authorshaved that the admittancemap doesdeterminethe parameterandtheir
first normaldervativesandit wasconjecturedhatthe sameshouldbetruefor all
higherorderderiatives. It wasinfeasible however, to carry out the computations
arrivedatin theproofin [7] to prove determinatiorof the higherorderderiatives.
In the presenpaperwe prove thatthe admittancemapdoesindeeddeterminethe
parametero infinite orderatthe boundaryin boththe chiralandnon-chiralcases,
thusremoving the aforementionedassumptionsn the interior determinatiorre-
sults. We work exclusively with time-harmonidields at fixed frequeng. In order
to posethe problempreciselywe shallneedthefollowing functionspacesif 2 isa
smoothlyboundeddpensetin R?, H*(2)* consistf k-dimensionalectorfields
whosecomponentsarein the usual L2-basedSobole spaceH*. Let Div denote
the surfacedivergenceon the boundaryof €2, andv(z) betheoutward unit normal
vectoratz € 012, anddefinethefollowing spaceof tangentiafields:

1 1 . 1
THBiv(aQ) = {F € H2(BQ)3 |v-F =0, andDivF € Hz(aﬂ)} .

1

If F e THBiV(BQ), let (E,H) € D'(Q)® x D'(Q)? be the uniquesolutionto

Maxwell's equationswith boundaryconditionv A E|sq = F. For Maxwell’s

equationsseesectionl.1lin thenon-chiralcaseandsection2.1in thechiral case.

Solvability of the boundaryvalue problemis givenin [11] and[8] for non-chiral
1

andchiral bodiesrespecirely. The boundaryadmittancemapA : THBiV(BQ) —
1

THJ;,(09) is thendefinedby

(0.1) AF =v A H|q.

We use A to denotethe non-chiraladmittancemap, andII to denotethe chiral
admittancemap.

For anon-chiralbody, ¢ is a complex parametewith real partthe electricper
mittivity andimaginarypart1/w timesthe conductity of thebody andy is the
real-\alued magneticpermeabilityof the body We assumethat || > ¢ > 0
andy > po > 0. Supposehatwe have two electromagnetidodies(Q; e, u)
and (Q2; &', u") with the sameboundarydQ). Let A and A’ be the associatedhd-
mittancemaps. By the statementA = A’ we meanthe following: for every

1
F € THY; (0Q), if (E, H) and(E', H') arethe solutionsto the boundaryvalue
problemabove for thebodies(Q; e, 1) and(£2; 'u’) respectiely, then

AF:I//\H|3QZZ//\H,|3Q:AIF.

We give theanalogousneaningto IT = IT'.
We maynow statetheresults.In sectionl we prove:

THEOREM A. Let (2;¢,u) and (2; €', ") beboundedelectomagnetic bodiesin
R? with electomagnetic parametes (e, 1), (¢, 4') € C*®(RR?), and with smooth
boundarydQ. Let A and A’ bethe associatecadmittancemaps,and assumehat
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A = A’. Thenon 9
e=¢, and p=u
andthesames true of all derivativesat theboundary

In section2 we handlethe caseof a chiral body The methodof proofis es-
sentiallythe sameasin the non-chiralcase however the underlyingideasbecome
someavhat obscuredoy the morecomplicatedsetting,andfor this reasonwe have
presentedhetwo proofsseparatelythefirstillustratingtheideasmoreaccessibly
Thereasonfor the differencebetweerthe proofsis thatthe non-chiralMaxwell’s
equationgdecouplein away thatthe chiral equationgdo not. The parametersle-
scribingthe electromagnetipropertiesof a chiral body usedhereare(asin [8]) a
changeof variablesfrom the onesin the Born-Federo formulation(se€[6]). The
parameterg andy satisfythe sameconditionsasfor the non-chiralcaseabore,
andg describeghe chirality, andis a purely imaginarysmoothfunction. We as-
sumethateu + 52 # 0 which amountsto assuminghatthe fields never become
parallel.

Theresultof section2 is:

THEOREM B. Let(Q;e,pu,8) and(Q;¢', i, 8') betwo boundedelectomagnetic
bodiesin R3 with chirality describedby § and ' respectively Supposethat
(e, 1, B), (¢',p4, ") arein C®(R3) and 99 is smooth. If the associatecadmit-
tancemapsare equal,IT = II’, thenon 692

e=¢, p=u, and g=p4
andthesames true of all derivativesat theboundary

It wasshawn in [7], althoughnot statedexplicitly, thatthe admittancemapsare
pseudo-dierential operatorof orderone. Our approachis aninductive one. We
will assumehat the Taylor seriesof the parametersare knovn to agreeto some
order at the boundary and then computethe principal symbol of the difference
of the two associateé@dmittancemaps. We shov that this principal symbolthen
determineghe next termin the Taylor seriesof the parameters.This approach
hasalreadybeenexploitedin variousinversescatteringproblems/1], [2], [3] and
[4]. Computingtheprincipalsymbolturnsoutto becomputationallynuchsimpler
thantrying to computethe lower ordertermsof the symbolof a singleadmittance
mapaswe areableto work invariantly andsolely with principal symbols.This is
facilitatedby the study of familiesof classicalpseudo-dierential operatorsP; €
VY DO7} parameterizedy normal distancefrom the boundary Thesehave the
propertythat the total symbolis of lower orderwhenrestrictedto the boundary
We arethenableto defineaninvariantvectorof principal symbolsfor this family
by takingthe principal symbolsof l—l. %lPt |t=0. We studyandutilize the properties
of this vectorundercompositionwith normaldifferentiationat the boundaryand
with pseudo-dierentialoperators.

In [8] it wasshawn thatfor a chiral body the admittancemap uniquely deter
minesthe materialparametershroughouthe body underthe assumptiorthatthey
areknown to infinite orderatthe boundary We thushave thefollowing corollary:
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COROLLARY C. With (Q;¢,u,3) and (2;¢', ', 8') asin theoemB, if T = T’
then

e=¢, p=y, and pg=/p
throughout(2.

We thusconcludethat, in principle,the materialparametersf a chiral electro-
magneticbody arerecoverablefrom informationobtainedonly at the boundaryof
thebody namelyknowledgeof the boundaryadmittancemap.

1. THE NON-CHIRAL CASE

1.1. The equations. We assumehatwe areworking in a compactcorvex body,
Q, in R® andthatwe have picked geodesimormalcoordinatesocal to a point on
theboundarysothato2 is 3 = 0 andthe Euclideanmetricbecomes

dz3 + Z gij(z)dz;dz;.
i,j<3
For the momentwe make no constrainton g;; but shalldo solatet
As we have a metric, thereis a naturalpairing and thereforean isomorphism
betweenone-formsandvectorfields - we shallwork exclusively with one-forms.

For time-harmonidields at fixedfrequeng w, Maxwell’'s equationghentake the
form

1.1) xdH = .—'iweE
xdE = wpuH
and
d(eE) =0, d(pH) = 0.

Herex is the Hodgestaroperatoy d is exterior differentiationand§ = xdx is its
adjoint. We have

1
xd(~ + dE) = w’cE
]

andthus
1
uxd <;> A *dE + *d * dE = w?ueE.

Or
— xd(log ) A *dE + *d * dE = w?peE.
Now onone-formson athree-manifold A = — x d*d + d * d* SO
—~AE +d+d*E — +(dlog p A *dE) — w?ueE = 0.
We alsoknow
d(F)=—FE-dloge.
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(Herewe aretakingtheinnerproducton one-formsinducedby the metric- thisis
aninvariantstatemenandholdsin theflat coordinates.50
—AE —d(E -dloge) — *(dlog u A *dE) — w?peE = 0.
Thisis of theform
ME = D2, - AT - M(z,Dy) — iP(z) Dy, — R(z)| E =0,
whereasin [7] M consistsof all termsinvolving first order differentiationin z

andzq, P is thecoeficient matrix of 9/9,,, R consistf all zeroordertermsand
A'IS is the Laplacianin z1, x5 for thevalueof z3.

1.2. Factorization.

PROPOSITION 1.1 TheeexistsB(z, D,/) € ¥DO! with principal symbol—|¢|,,
dependingsmoothlyon x5 sud that

M = (Dy,I —iP(x) — iB)(Dg,I + iB)
up to smoothingand B is unigueup to smoothing
Proof. Asin [7]
A’ +i[Dy,,B]+ M + PB+ B*+ R=0.

The principal symbolof B is therefore+|¢'|;; we take —|¢'|,. Now supposewe
have chosenB; € ¥ DO~ suchthat

Gn=By+Bi+--+Bn
satisfies
A' +i[Dyy,GN] + M 4+ PGy + G% + R= Ey € UDO™V.
Thenwe musthave
i[Dyy, BN+1] + PBy 41+ BY 1 + GNByi1+ By11Gy — Ey € ¥DO™ Y.
Theprincipalsymbolof thisis just
—2|¢'|zo-N(Bn+1) — 01-n(EN).

Sopicking the symbolof By appropriatelythis is zeroaway from ¢ = 0 and
we canconstructall the By ; we let B bethe asymptoticsum. By construction,B
is uniguemoduloa smoothingoperator O

1.3. A classof pseudo-differential operators. LetY beasmoothmanifold. We
studyfamiliesof operatorson Y smoothlyvarying with a parametett. (We will
take Y to be 902 andt the normaldistance.)

DEFINITION 1.2 WeshallsayP € YDO™P(Y; Ry ) if it is afamily of pseudo-
differential operatorsof orderm on Y, varying smoothlyup to ¢ = 0, andsuch
that

D
P=> t#ip
=0
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with P; asmoothfamily of operatoronY” of orderm — j. We will allow operators
onbundlesalso.

DErINITION 1.3, If P € ¥DO™P(Y; R, ) thenthesymbolof P att = 0 is the
vector

(om—3 (P))j=o
evaluatedat ¢t = 0. This makes invariant senseas a vector of functionson the
cotangenbundleof Y.

Thefollowing is immediate.

ProPOSITION 1.4. If B is a smoothfamily of opertors on Y of order k£ and
P € YDO™P(Y;R,) thenBP, PB € YDO™*?(Y;R,) andthe symbolsof
PB, BP att = 0 are justthe productof the symbols We also havethat

[D;, P] € UDO™P~1

andthatthe principal symbolat theboundaryis —i((p — j)am,j(Pj))g;é.

1.4. The symbol of the difference. Now supposave have two differentsetsof
parameters(e, ) and (&', u'), with associateddmittancemapsA andA’; let B
and B’ be the associatedactorizationoperatorsfrom proposition1.1. We shall
consistentlyuse’ to denoteoperatorsassociatedo ¢, p'.

Supposehat A = A’; from [7] we know thaton 9Q ¢ = ¢/, u = ' andthe
samaeis true of thefirst normalderivatives. We shall prove inductively thatif £ and
¢’ areknown to agreeto order! > 2 atthe boundary andsimilarly for x andy/,
thenthefactthatA = A’ impliesthatthe parametersigreeto order! + 1. To this
endwe write

(12) 8/61 =1 + :Eées, :u’/lu’l =1 + "Eéeua

with e., e, smoothupto theboundary Wewill calculatee, ande,, attheboundary
from the principalsymbolof thedifferenceA’ — A whichwe write in termsof the

differenceB’ — B. Wefix apointp ontheboundaryandwork in coordinatesvhich

aregeodesimormalcoordinatestp in theboundaryandextendechormallyoff the
boundary

PROPOSITION 1.5. Supposee, 1) and (¢/, ') are equalto order/ > 2 at the
boundary Writing B' = B + F wehaveF € ¥DO%~1, andif (f;);=0,_u-1)

is the principal symbolof F' at the boundary thenin our chosenlocal boundary
normalcoordinates

! 0 0 i e 0 i&y
(1.3) ff(zf1)=W e |0 0 |Z§|2 +eu| 0 €] i ||+,
z 00 |£, 0 0 0

wheee r’ vanishego secondorder at z1, z9 = 0.
Proof With B’ = B + F we have
A' +i[Dy,, Bl + M + PB + B2+ R =0, and
A' +i[Dy,,B+F)+ M' + P(B+F)+ (B+F)?+ R =0.
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Subtractingyields,

(1.4)
i[Dyy, F]+ P'F + F2+ FB+ BF = (M' — M)+ (R'— R) + (P' — P)B.

Soif we canconstructF satisfying(1.4), thenB’ = B + F aswe know B’ is
unique(modulosmoothing).

The terms on the right hand side of (1.4) result from —w?euE,
d(E - dloge) andx(dlog u A xdE) (seesectionl.1). Specifically the termsin-
volving differentiationin the tangentialvariablesmale up (M’ — M), andthose
involving no differentiationmake up (R’ — R); the coeficientsof differentiation
with respecto thenormalvariablezs arewhatcomprise( P’ — P), whichthenmul-
tiplies thefirst orderpseudo-dikerential operatorB. We computethe contritution
of thesetermsto theright handsideof (1.4) modulo¥ DO'. Now

wlep — W'y = ey (2} (ec +e,) + 23lece,) € TDOM,
We alsohave,
d(E - dloge') — d(E - dloge) = —d(E - dlog (g))
= —d(E - dlog(1 + z4e.)),

and
Izt e dzs zhde
dllog(1 + zhe.)] = —2— =
[los( z3ec)] 1+mée€ 1—I—xée€
Thus
lzk e . E LE - d
E - dlog(1 + ahe,) = 38 Tad O
1+ zhe, 1+ z5e,
andso
(1 — 1)z %e.E3 Izt 1y
d[E - dlog(1 + ! = 3= 3 d
[+ dlog(1 + e )] g das e
n lxlg_leg dE3—|—l$3 YE- deg—x3 62E3)dx3
1+xées (1+ zhe.)?
2 l
22 (lzzle.Es + E - de T
_ 23 (lzy ecBs 5 E)deg—}— 31 d(E - de.)
(1 + zke.) 1+ zhe.

= T1+T2+T3+T4+T5—|—T6, say

We computethe contritution of d(E - dlog(1 + zhe.)) to theright handside of
(1.4) modulo ¥ DO%!; this meanswe canignore operatorsnot involving D, if
they arein ¥ DO, andsowe candropthetermsT,, Ty, Ts. Thecoeficientsof
operatorsn D,, arewhatmake up P’ — P which, in theright handsideof (1.4), is
multipliedby B. Theresultingoperato( P’ — P) B isin W DOY! if thecoeficients
vanishto orderl. Thuswe maydropTs.



8 M. S. JOSHI AND S. R. MCDOWALL

We areleft with

1
d(E - dlog(1 + zhe,)) =

17 2le. (l (1 - 1)z} %e. Esdms + Izl ‘e.dEs + T)
3te

wherethe contritution of 7" in (1.1) resultsin operatorsn ¥ DO, The dE; will
have two parts- thecoeficientof D, is absorbednto P’ — P andthenmultiplied

by B. Thusmodulo® DO thesymboliccontritution of —d(E - dlog(1 + ze.))
to theright handsideis

5 (000 (000 it

—I(l — 1)z42 Izt !
( )f3 “looo|-2"100 i&
Tmzgee  \o o 1) TH+ose\o o e,

This leaves the term x(dlog(1) A xdE). Whenwe take the differencewe get
— * (dlog(1 + z4e,) A *dE). Theonly termfrom this which doesnot resultin
somethingn theright handsideof (1.1) absorbablénto ¥ DO is

-1 -1

w37leu * (dz3 A\ *dE).

1+ z3e,
Now the Hodgestaroperatorin thesecoordinatess equalto theflat staroperator
* ¢, in thesecoordinateplusanerror We now assumehatwe have chosercoordi-
natesnormalaboutsomepointin the boundaryandthenextendednormally away
from theboundary Then

(1.5) x=(T+ 23D+ Y mmj* Dyj)xy,
3,j<3
with D, D;; smoothhomomorphismsf the form bundles. The z3D will give
us an elementof ¥ DO which is thereforeignorable. We first computein flat
coordinateshevalueof s (dx3 A *;dE); thisis equalto
—g—f;d.’l,‘l + g—ffd.’ﬂl - g—f:d.’ﬂg + g—fjd{ﬂg.

As beforethe differentiationin z3 becomesgpartof P! — P andwe thereforehave
to dropthe s in the symbolandreplaceit by the principal symbolof B whichis
—|¢’|, sowe concludethatthe contrikution to theforcing on theright handsideis

ke 0 0 & 100
1 3l - 00 Zf? +|§I|m 010 +U(G1)+O’(G2).
+ z3€y, 00 0 00 0
HereG, € YDOY andGy = 3 ;x;Gij with Gij € YDOM-L,
3.3<3

Sowehave thati[D,,, F]+ P'F + F?> + FB+ BF = G with G € ¥DOb% !
from (1.4). We first shaw thatthis meansF € ¥ DO%~! andthencomputethe
symbolof F' atourchoserpoint.

We know F is a pseudo-dierential operatorof orderzeroas B, B’ have the
sameprincipalsymbol. Theprincipalsymbolof theleft handsideis —2|¢'| o0 (F)
andsowe pick Fy to have principal symbol—1/(2|¢'|;)o1(G) which vanishego
order] — 1 atz3 = 0, sowe cancertainlytake Fy € ¥DO%~1. PuttingF;, = F —
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F, wethenobtainasimilarequatiorbut with right handsidein & DO%!~2 andthus
solwetogetF; € ¥DO 142 RepeatingvegetFy+F+- -+ F,_; € ¥ DO% !
solving up to anerrorin ¥DO~!. This canthenbe removed in the sameway B
wasoriginally constructedowe concludethat F = B — B’ canbeconstructedo
bein ¥ DO%~! andthereforeby uniquenesss actuallyin ¥ DO% 1,

Now recall thatthe principal symbolof F' at z3 = 0 is a well-definedobject
andis avectorof matrices.Let (f;) j—o,— 1) bethisvector ThenFB + BF has

symbol(—2|¢'|, f;) andi[D,,, F] € ¥DO% 2 hassymbol((l — 1 +j)fj);:(l0_2).
Sofrom (1.4), we obtainthat

_2|§I|mf0:
0 0 & 100 0 0 &4
—ley 0 0 & | +1€:(0 1 0 —le. [0 0 i& +r
00 O 000 0 0 —|¢
wherer vanishedo secondrderatz, 2z, = 0. We alsohave
0 00
=2l ef 1+ (U -1)fo=—l(l-1)e. [0 0 O],
0 01
and

—2/¢'af—j + (1 = j) frj = 0.

We canthusiteratively determinef_;_,), the principal symbolof F' restrictedto
z3 = 0, which is whatwe wantto know. Explicitly,

I 0 0 & €'z 0 &
f—(l—l) = W €¢ 0 O 262 + 6“ 0 ‘{-,lw IL{Q + ’l",,
z 0 0 |¢s 0 0 0
wherer’ vanishego secondrderatzy, zo = 0. O

1.5. Recovering the coefficients. In [7] it wasshavn thattheparameterandtheir
first derivatives are determinecbn the boundaryfrom the admittancemap. As in
the previous sectionwe assumethat (e, 1) and(e’, ') areknown to agreeto order
[ > 2 ontheboundaryIn this sectionwe shav thatthedifferenceof theadmittance
maps,A’ — A, determineg;, ande, (see(1.2)). We fix a pointp in the boundary
of the domain,take normalcoordinatesn the boundaryaboutit andthenextend
theseoff theboundarynormally
Beforeproceedingo the proof, we presentusefullemma.

LEMMA 1.6. Supposehat P; and P, are pseudo-dierentid opefators of theform

whee A;, R; arem!-order pseudo-dierential opeiators, j = 1,2, andf(p) = 0.
Thenwe canrecover the principal symbolof A; — A, at p (evenif it is of lower
orderthan P, — P,).
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Thisfollows from thefactthatin arny coordinatesystemthetotal left symbolof
f(z")(R1 — R2) will vanishatp. Theusefulness$iesin our ability to discardterms
in otherwisecomplicateccomputations.

Fromthedefinitionof A (0.1), Maxwell’'s equationg1.1), andtheexpansiorfor
theHodgestaroperator(1.5), theadmittancanapatthepointp is

&)

plustermswhich have coeficientsvanishingatz; = z» = 0; we shallbe consid-
eringthedifferenceA’ — A andsofrom theabove lemma,the symbolof A’ — A at
p doesnotinvolve theseterms.

We wish to expressthe right handsidein termsof E; and E, andoperators
solelyontheboundary We know thatd(¢E') = 0 andhencethatd x (¢E) = 0. As
abore,

1 (03B, —0\F;
iwp \O3E2 — OaE3

x3=0 x3=0

* = (Id +x3D + Z :I?Z'II?jDij)*f
(2]

with D, D;; variablematrices(all sumsaretakenoveri, j < 2). Sowe have that

de A ((Id +x3D + Z a:ia:jDij) * f E')
tj
+ed((Id+z3D + Y _ zim;Dyj) # B) = 0.
]

Evaluatingatzs = 0 thisbecomes,

(1.6) de A (xfE) + Zwimjds N(Dij*; E) +e(d*y E)
ij
+e(dzs A (D xp E)) +e Y d(aiz;Dij s E) =0.
ij
ProposITION 1.7. If (U, z) is a local geodesicnormal coordinate patc to the
boundaryof 2 nearp, then

3
= leEl, j:1,2,3
=1

or;
8:53

wheee B;; are thecomponentsf the matrix of opestors B.
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Theproof of thisis asin [7] proposition2, and[5] propositionl.2. Sodividing
by ¢ andrearrangingye concludethat,

(17) (Id + Z xiijij)(B33 + 83 log €)E3 =+ (D + Z J,'Z':Cja3Dij)E3 =
i,J 1,J
— (Id+ Z z;x;Dyj) [(81 loge)Ey + (02 loge)Ey + 01 E1 + 02 Eo
,J
+ B31 E1 + B3 F»

— 81(2 .’Ei.’EjDij)El — 82(2 a:ia:jDij)EQ = T, say
2 1,J

Let J bethe coeficient of E5, andlet K be a parametrixfor J which is cer
tainly elliptic at z1,zo = 0. We alsohave thatthe principal symbolof K is just
—[¢']; ! 1d.

SoFE; = KT and

O03E) — O1E3 = B11Ey + Bi1oEg + (B1s — 01)KT.

Extractingthe componentsctingon E5, we have

iwphAip =

Bio— (Bl3 —31)K [(Id + Z fL'ifL'jDij)(BQ log 8+82+332) +82(Z :EZ':E]'DZ']')]
i,j (]

plustermsvanishingatz; = 22 = 0.
Now J, and henceK, dependsn the derivatives of £ and u. However, the
dependence J — J' comesonly from B33 — B3, for

9
J—J =(1d+ ;mimjDij)[B% ~ By + O log (Q)]

andaswe areworkingatzs = 0, ¢ = ¢’. Furthermoreatzs = 0, B33 and Bj,
candiffer by anoperatorof orderatmost—(/ — 1). If two first orderoperatorsare
equalupto order—(I — 1) thenusing

at—bt=atb—a)b!

we concludethat their parametricesagreeto order —(I + 1). So we have that
K' — K is of order—(I + 1), where K’ is the analogueof K for ¢, 4/, andits
principalsymbolatp will be —|¢'|; 20 _1)(F33).
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And so
iwp(Al — A1) = (B2 + Fi2)
— (B13 + Fy3 — al)K’ [(Id—l— Z.’L‘Z'.TjDij)(ag log ¢ + 0y + B3o + Fgg)
1,J
+ 32(2 $i$jDij)] — B2
1]
+(B13—0)K [(Id + Z zix;D;;)(02 loge + 02 + B3a) + 32(2 fEinDij)]
1,J 1,J
= Fio — (Bl3 — 81)K’(Id+ Zwiijij)F?)Z — (Bl3 — 81)(K’ — K) X
,J
[(Id + Z z;x;D;;)(02 + Bsg) + 32(2 .'Ei.'EjDij)]
i,j 2
— F13K, [(Id + Z LI:Z'LI:]'DZ']')(BQ log e+ 02+ B3 +F32) + BQ(Z $i$jDij)]
%,J 1,J
— (B3 — &) [(K' — K)(Id+ Z z;9;D;;)02 log €'
4,
6/
+ K(Id + Z xiijij)(92 log (;)] .
0]
Theprincipalsymbolof thisatp will comefrom
Fio+ 01 K'F39 + 01 (K' — K)0y — Fi3K' (9 + Fz).

Usingtheresultsof theprevioussectionjf m = —(I—1), thishasprincipalsymbol
atthe pointp equalto

om(Fi2) — i1|€'|7  om(Fa2) + £16|€'| 7 om (Fi3)
+[E' | om(Fis) (i€2 + om(Fs2))
which by (1.3)is equalto

I -

W(&&% —&iéo(ec +ey)) = wflﬁeu'

Computingthe remainingcomponent®f the principalsymbolof A’ — A atp, we

obtain
0= —! e_u(—fl& —§§>_
Alerfiwp \ & &

Thusweareableto determines,, from A’—A. Sincewe areassumingnowledgeof

1
themapA, we know alsoits inverse;restrictedo thespacel’ H I5iv(8§2), thisis the
impedancanapwhich mapsthe tangentialcomponenbf the magneticfield atthe
boundaryto thatof the electricfield at the boundary Interchangingherolesof ¢



TOTAL DETERMINATION OF MATERIAL PARAMETERS 13

andy in ouranalysiswe find thatcomputingtheprincipalsymbolof (A’) ! —A !

yields
0o M e <—§152 —§%>
2¢1 |5 dwe & &é&

and we may concludethat e, ande, are determinedat the boundaryfrom the
assumedknowledgeof the boundarymaps.

We remarkthe unexpectedfact that the inverseof the first order non-elliptic
pseudo-dierentialoperatomexists,andthatit is alsoafirst orderpseudo-dierentid
operatorpf coursethesymbolof theinverseis nottheinverseof thesymbol. This

1
is aresultof working on therestrictedl"Hj, (052) spacesatherthanon Soboler
spaces se€[10] for furtherdiscussion.

2. CHIRAL MEDIA

Supposaow that(2 is abodywith chirality describedby a smoothfunction 5.
We shall apply the techniquef the previous sectionto shav thatif two bodies
have the sameadmittancemap, then the chirality togetherwith the other three
materialparametersf the bodiesmustcoincideto infinite orderatthe boundary

2.1. The equationsfor chiral media. Working againwith one-formsandtaking
the formulationof [8] which is a changeof variablesin the Born-Fedore formu-
lation, Maxwell's equationdor a chiral bodytake theform

x*dH = —iw(eFE + BH)

2.1) xdF = iw(pH — BE)
togethemith
(2.2) 0(eE + BH) = §(uH — BE) = 0.

Wewrite (2.1) as

alin) = (2 7) (5) = (3)

wherewe introducethe notation

We have

*d*d<§> = —z'w*d[X (g)]
= —iw [dX A (g)] — w?X? (5)

wherewe have used(2.1) again.But

() == +e(n)
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E\ _ . E oy (E
*d*d(H>_*[dX/\X *d<H>]—wX <H>
andthus

“A (EI) Ydsds (g) —*[dX/\X_l*d(lg)] +w?Xx? (g) —0.

But (2.2)impliesthat

d+d * (5) - —d[Xfl(dX) : (g)]

wherethe inner producton one-formsis thatinducedfrom the metric, andwhere
theinner productis taken componentwisavithin the matrix multiplication. Com-
bining these,

~A (g) - d[X—l(dX) : (f;)] - *[dX/\X—l xd (g)]

+ w?X? (g) =0
which canbewrittenin theform
FE ) FE
N (H) - [D§31 — Al I— N(z,Dy) — iQ(z) Dyy — S(x)] (H> —0

whereN consistf all termsinvolving first orderdifferentiationin z; andzy, Q
is the coeficient matrix of 0/dz3, andS consistof all zeroorderterms.
As in propositionl.1,thereis C(z, D,/) € ¥ DO' suchthat
N = (Dmsl —iQ(z) — Z.C)(ij—{_ iC),

with principal symbol —|¢'|,, timesthe identity, andwith this choiceof principal
symbol,C is uniqguemodulosmoothing.

SO

2.2. The symbol of C' — C. Supposehatwe have two bodies(; ¢, 11, ) and
(Q; €, i, B") for which the admittancemapsareidentical,andfor which the pa-
rameterareequalupto order! attheboundarywith I > 2. As beforewe shalluse
" to denoteall operatorsassociateavith the parameters’, 1/, 3. We shallprove
thatequalityof theadmittancenapsimpliesthatin factthe parametersnustagree
to order! + 1, andthusinductively prove thatthey areequalto infinite orderatthe
boundary We assumehatwe have chosencoordinatesiormalaboutsomepoint
p in theboundaryandhave extendedthesenormally away from the boundaryto a
neighborhoof p. If wewrite C' = C + F thenwe have

A" +i[Dgy, C]+ N+ QC + C?+ 5 =0,
A'+i[Dyy, C+F]+ N+ Q(C+F)+ (C+F)*+ 8 =0
andsubtractingyields
(2.3)
i[Dyy, F]+ Q'F+ F* + FC+CF = (N' = N)+ (8' — 8) + (Q' — Q)C.
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Thetermson theright handsideof this expressiorcomefrom

(2.4) d[(X')—l(dX') : (g)] - d[X—l(dX) : (g)]
(2.5) {&WA(Xﬁ**d(§>]—*vaxxﬁ*d<§>Lamj
(2.6) W2X? (f[) — W (X)2 (g) .

Specifically thetermsinvolving differentiationin thetangentialvariablesmake up
(N" — N), andthoseinvolving no differentiationmale up (S’ — S); the coefi-

cientsof differentiationwith respecto the normalvariablezs arewhatcomprise
(@' — @), whichthenmultipliesthefirst orderpseudo-diierentid operatorC. We

computemodulo¥ DO andmake useof thefollowing lemma.

LEmMA 2.1 (i) If A is a matrix (of 0, 1, or 2-forms),thentermsfrom (2.4),

(2.5)and (2.6) of theform :céA A Bi (5) contribute termsin ¥ DO to

3
theright handsideof (2.3).
(ii) If D is a differential opelator of order onein xz; andzxs, andof orderzeo in

3, thenxéD (fj) c UDOM,

. , : _ E
(iii) If Aisamatrixof functlons,thenxé 1A (H

)em0@*ﬁcw00%

Proof. Claims (ii) and(iii) areimmediate. For (i), we mustsimply obsere that
C is afirst orderpseudo-dierentialoperatorin z; andz,, anddependsmoothly
on z3 asaparameterTherefore in the right handsideof (2.3) we have 24 AC €
TDOM, O

We put

eg —e
X'—Xza:éé'z:vé(eﬁ e“)
€ B

andendeaor to shav that€ = 0 attheboundary

PROPOSITION 2.2, Supposde, i, 3) and (¢', u’, 8') are equalto order! > 2 at
theboundary Writing C" = C'+ F, wehaveF € ¥ DO%~!, andif (f;) =, (-1
is the principal symbolof F' at the boundarythenin our chosenlocal boundary
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normalcoodinates,

= Wi W ,
Faon = wgte (Wi WZ) o whee
€'z (Bes + eep) 0 i€1(2Bep + eey + pee)
Wi = 0 1¢'o(Bes +eey)  i€2(2Bes +cey + pee) |
0 0 €'z (Beg + pee)
|fl|w(ﬂeﬂ - ﬂeu) 0 i1 (2/16/3 - 2/86u)
Wi = 0 €| (nes — Bey) i&2(2neg —2Bey) |
0 0 €'z (nes — Bey)
|£I|m(ﬂes - 56[3’) 0 i&1(28ee — 2665)
Wa = 0 |£I|z(ﬁes - 565) i&2(2Be. — 256,3) , and
0 0 €] (Bee — eep)
1€'|2(Bes + pe:) 0 i€1(2Bep + eey + pee)
Wy = 0 |§I‘w(/36ﬂ + pee) i§2(2/36ﬂ + e, + pee)
0 0 €'z (Bes + cey)

andwhee r’ vanishego secondrderat 1, zo = 0.

Proof. Wefirstanalyze(2.4).

(oerae—x-ax). (5]
= d[(X (X’ - X) + (X)X - X)X ldx') - (fl)]
= d|(X7d(ehe) - ah(X) TEX T ax') - (fr)]
(- 122X e (gz) dzs + 1z ' d(XLE) (g?;)

+lah Xl (gflz) +lzk X e - (g) dzs

+ zbd(X 1)dE - (g) + 24 X Ld[dE - (fI)]

— 125X TlexTlax! - (5) dzs — zbd((X")"leX1dXx' - (5)

— (X)) EX N d[aX! - (E>]

H
-Ym say
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Fromlemma2.1termsT, andTy, ..., Ty contritute termsin ¥ DO to theright
handsideof (2.3). Writing

-l y—1g [ O1E3dr1 + OsE3dxo I-1y—1¢ [ O3E3dz3
s = l.’L‘3 X 8((91H3d.’131+(92H3d.’132 +l$3 X¢ O3 Hsdxzs

andrecallingthatthe coeficient of theterminvolving dz3 multipliesC' in theright
handsideof (2.3), we have the contritution from (2.4) equalto

(2.7) I(1—-1)zk2x71¢ (Yl O) + iz ix g (Zl 0 )

0 Y1 0 Zl
o1
(o))
C33

0 0O
Yi=10 0 0}, and 71 =
0 01

with Cs3 the33-componenbdf C. Next,

e [ax A (x) e d (g)] —s[ax AXwd (g)]
— & [dX' AX) HX - X)X 1+ X Y «d (g)]
—#[aX A X xd (5)]
— s [dX’/\ (X')zheXLxd (ff)] 4 [la:éflgdwg/\X’l «d (E>]

H
+*[ml3d5AX_1*d (fj)]

where

S OO
S O O

The first andthird of thesetermscontritute elementsof ¥ DO by lemma2.1.
For thesecondermwe write x = (Id +x3D + 3, ;<o ziz;D;j)* to obtain

* [lmé_lé'dacg, ANX 1xd (IE{)] = % [lzé_lé'dmg AX1 *rd (]E{)] +T+T

whereT resultsin termsin ¥ DO by lemma2.1again,and7” vanishego second
orderatz;,zo = 0. Computingin termsof theflat staroperatoy the contrikution
from (2.5)is thus

I~ley-1(%2 0\ [(E ' O 0 O
(2.8) lzg £X 0o Z)\m + T, whereZ; = 0 —Cs3 09 ).
0 0 0

Thefinal considerations the contritution from (2.6). Thisis

- ) () = lxee-x) - -x0x) (1)

= wQ[mégX' —xéX&'} (IE{)
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whichisin U DOM,

As beforeF € ¥ DO%~1, andwe now computethe symbolof F atp. Let the
vector (f;) j=o,—q—1) bethe principal symbolof F atz3 = 0. From(2.3), (2.7)
and(2.8)we have

“2iglafy=ix e ()0 Y ext (TG0

and
21| f1r + U=V fo=11-1)X"1E (U(éﬂ) g((1)/2)> .

In general,
_ —! 10 (0(Y7) 0 ) xX-lg <J(Z1) 0 )
f"_(l—j—l)!%lfﬂ% [X 5( 0 o)) T2l \ 0 o(z)

EX (o
+m( (52) 0(022))]

andin particular computingf_;_) we obtainthe expressionin the statemenbf
the proposition. O

2.3. Proofthat £ = 0. From[7], we know thatfor a chiral body, the parameters
andtheir first normalderivativesaredeterminecby the admittancenap. Suppose
that (e, 4, 8) and(e’, u', 8') agreeto order! > 2 at the boundary We shav now
thatif II = II', thenthe parametersnustagreeto order! + 1. We fix p in the
boundaryandwork in our choserboundarynormalcoordinatesearp.

In orderto beableto expresdlI in termsof the constructedperatorC', we shall
needto write F3 and H in termsof Fy, F,, Hy and Hy. From (2.2) we know

that
FE FE
dX A * (H) + Xd * (H) = 0.

Writing x = (Id +23D + 3, ;<o %iz; Dij)*y andcomputingatzs = 0, we have
(2.9)
i,j<2

O1E1 + 0o By + 03 F3 B
+X(Id + .Zgzl'il‘jDij) (31H1 + 0o Hy + 33H3> tox ( )
0,5 <

O1BE) + 02 Ey + 038E3 — O1pHy — OopHy — O3uHj
O1eE1 + O2eEy + 03¢ E3 + 01H1 + 0o8Ho + 035 H3

—I—Xd( Z .’L‘i.’L‘jDij) Nxp (EI) =0.

i,j<2

Making useof thefactthatd/ds|;,—0 = C, (2.9) canbewritten

/()= ()
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where

_ o [(0B —dsu Css Cso
J = (Id"‘le%D“)[(&ae 335>+X(063 Cﬁ6>]

1,j<2
+(D + 0s( Z LEiLEjDZ'j))X
0,j<2
and
- _ ... O\BEL + 02Es — 81MH1 - 82UH2
R = (Id+i§<:2$z$]D2]) |:((916E1 +328E2 +81,3H1 +8213H2

Ce1E1 + Ce2E2 + (01 + Cea) Hy + (02 + Co5) Ha
¥ ((31 > i <2 Ti%iDij) Er 4 (02 3 <o xﬂjDij)Ez) .
(01325 j<o miw;Dij) Hi + (02 32 j<o wiw; Dij) Ho

We similarly have expressiondor J' andR'.
We now considerthe admittancenapIl. In factwe areconsideringhe admit-

s ((61 + 031)E1 + ((92 + 032)E2 + C34Hy + 035H2>:|

1
tancemaptogetherwith its inverse(whenrestrictedto TH&V(BQ)) resultingin
the4 x 4 systenmbelonv whichwe shallcontinueto referto asIl. By (2.1)and(1.5)
thismapis

1
— (03, — 01E3) éE2
. iwp 7
2 1 B
—E I —— (03 By — 0o E3) —-—E
(2.10) o — Wf + g
2 —— (03 Hy — 01 H3) ——Hy
~H/ |, _, wa €
\.—(33H2 — 02 H3) éfh
IWE r3=0 £ z3=0

plustermswith coeficientsvanishingatz; = zo = 0; sincewe shallbecomputing
thesymbolof TT' — TI, we do not needto considersuchtermsby lemmal.6.

Let K besuchthatK J = Id modulosmoothingandsimilarly defineK’). Note
thatthe principal symbolsof K and K’ atp areboth equalto —|¢/|;1 X! since
X =X'"andX ! = (X')"! there.Then

03FE1 — O1E3 + iwBEy = C11E1 + CioFEy + C14H1 + Ci15Ho
+ (Ci3 — 01)(KR)1 + Ci6(KR)2 + iwfBE,
andsimilarly, in termsof thesecondody,
03B — 01 B3 + iwBEy = (C11 + F11)Ey + (Ci2 + Fi2) Ey
+ (Cra + Fi4)Hy + (C15 + F15)Ho
+ (Ci3 + Fi3 — 81)(K'R'); + (Ci6 + Fi6)(K'R')2 + iwpEs.

Here(K R); is the j* componenbf thevector (K R), andsimilarly for (K'R');.
Lookingatthedifferenceof thesewo, thefirstcomponenbf theimageof (Ey, —F1, Hy, —H; )’
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underIl’ — II (timesiwp) is

Fi1 B+ FiaEp+ FiyHy+ Fis Ho+(Ci3+ Fi3—01) (K'R')1 — (Ci3—01) (K R):
+ (C16 + Fi6)(K'R')2 — C16(K R)2
= F1E) + Fi3Ey + F14H) + FisHy + Fi3(K'R')1 + F16(K'R');
+ C13(K'R' — KR); + C14(K'R' — KR),
+ 01 [(K — K')R]; — 1 [K'(R' — R));.
Now modulosmoothing,

Fs3 F.
K-K =K -JK' =K(d DX (33 36 k!

(recallthatwe computeat z3 = 0). Thusif m = —(I — 1), actingon the vector
(E9, —FE1, Hy,—H;)', theprincipalsymbolof (K — K')R atthepointp is

Cenpy - L (om(Fs3) om(F3e)) (2 —i& 0 0
Umfl((K K )R) - ‘6’@ (Um(F63) Um(F66)> ( 0 0 ifZ _7:51) .
Next,

R_R—_X (F31E1 + FoFy + F34Hy + F35H2>

Fe1Ey + FsoEy + FeaHy + FesHo
which hassymbolof orderm equalto zeroby proposition2.2,and
1 [(i& —i& O 0
K'R') = : ).
O'O( ) |£/|$ ( 0 0 162 _Zfl

We now put all theseresultstogether Recallthat the principal symbolof C' is
—|¢€'|, timestheidentity matrix, andwe have the expressiorfor f,, in proposition
2.2. Thefirstrow of swu(II' — IT) thushasprincipalsymbolatp

. . 2
( ﬁam(FB) + %Um(F?,s), —om(F11) — ﬁUm(Fls) - éﬁam(Fw),
. . 2
&Um(Fw) + %Um(FSG), —om(F1a) — ﬁam(Fm) - é—ﬁgam(ane) )

—1!
A e+ 52) (—€&a(Bes +een), —(es +een)

~&16a(pes — Bey), —E3(ues — Bey) ).

Computingthe principal symbolat p of the remainingrows of I’ — II = 0 and
usingproposition2.2,we find thatin fact

(5 o [(F D)
- | iwp -1 1 182
0 2l‘£l|é+1 0 —_1 £X 0 —&1&2 _fg)

iwe & L&
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Evaluating,for example,até; = 1, & = 0, we obtain

0

=T~

andso& = 0 asdesired.

Weremarkthatonecouldalsoarguethatthevaluesof eg, e, areobtainablerom
thefirst row andit thereforefollows by symmetrythatthevalueof e, is deducible
from thethird row andhencethatall threevaluesaredetermined.
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