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ABSTRACT. In this paperwe completethe proof that the materialparameters
canbeobtainedfor achiralelectromagneticbodyfrom theboundaryadmittance
map. We prove that from theadmittancemap,theparametersareuniquelyde-
terminedto infinite orderat theboundary. This removestheassumptionof such
knowledgein theresultof thesecondauthorregardinginteriordeterminationfor
chiral media.

INTRODUCTION

In thispaperwecompletetheproof thatthematerialparameterscanbeobtained
for a chiral electromagneticbodyfrom theboundaryadmittancemap.Weachieve
this by improving the boundarydeterminationresultof [7]. This enablesthe re-
moval of the assumptionin the interior determinationresultof [8] in which it is
assumedthatthematerialparametersareknown to infinite orderat theboundary.

The behavior of electromagneticfields in a body is describedby Maxwell’s
equations.The electricdisplacementandthe magneticinductionof thebody are
relatedto the fields by the constituentequationswhich aredefinedin termsof a
numberof materialparameters.Theparameterstypically consideredarethecon-
ductivity, theelectricpermittivity andthemagneticpermeability. A fourth, often
neglected,characteristicof anelectromagneticbodyis its chirality. Chirality is an
asymmetryin themolecularstructure:amoleculeis chiral if it cannotbesuperim-
posedonto its mirror image,andthe presenceof chirality resultsin a rotationof
electromagneticfields(see[6]).

In [11], Somersaloet. al. presentedthe boundaryadmittancemap for time-
harmonicfields at a fixed frequency for non-chiralbodies,andposedthe inverse
problemof whetheror not thematerialparametersof a bodycouldbedetermined
from knowledgeof this boundarymap. In [9] it wasshown that this is in fact the
caseassumingknowledgeof theparametersneartheboundary. In [8], thesecond
authorshowedthat theadmittancemapis well definedalsoin thecaseof a chiral
body, andthat knowledgeof this mapdeterminesthe materialparametersof the
body, including the chirality, throughoutthe body, assumingthat the parameters
areknown to agreeto infinite orderat theboundary.
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It is thereforepertinentto askwhetheror not theadmittancemapin eachcase
determinesthematerialparametersat theboundaryof thebody. In [7] thesecond
authorshowed that the admittancemapdoesdeterminethe parametersandtheir
first normalderivativesandit wasconjecturedthat thesameshouldbetruefor all
higherorderderivatives. It wasinfeasible,however, to carryout thecomputations
arrivedat in theproof in [7] to provedeterminationof thehigherorderderivatives.
In thepresentpaperwe prove that theadmittancemapdoesindeeddeterminethe
parametersto infinite orderat theboundaryin boththechiralandnon-chiralcases,
thus removing the aforementionedassumptionsin the interior determinationre-
sults. We work exclusively with time-harmonicfieldsat fixedfrequency. In order
to posetheproblempreciselyweshallneedthefollowing functionspaces:if

�
is a

smoothlyboundedopensetin ��� , ����� �
	�� consistsof 
 -dimensionalvectorfields
whosecomponentsarein the usual ��� -basedSobolev space� � . Let Div denote
thesurfacedivergenceon theboundaryof

�
, and ����� 	 betheoutwardunit normal

vectorat ����� � , anddefinethefollowing spaceof tangentialfields:� � ��Div ��� �
	�� �"! �#� �� ��� �
	 �%$ �'& !(�*),+ andDiv
! �#� �� ��� �
	�-/.

If
! � � � ��Div ��� �
	 , let �10 + � 	 �32541� �
	 �7682541� �9	 � be the uniquesolution to

Maxwell’s equationswith boundarycondition �#:;0 $ <>= �?! . For Maxwell’s
equations,seesection1.1 in thenon-chiralcase,andsection2.1 in thechiral case.
Solvability of the boundaryvalueproblemis given in [11] and[8] for non-chiral

andchiral bodiesrespectively. Theboundaryadmittancemap @BA � � ��Div ��� �
	DC� � ��Div ��� �9	 is thendefinedby @ !(� �E:F� $ <�= .(0.1)

We use @ to denotethe non-chiraladmittancemap, and G to denotethe chiral
admittancemap.

For a non-chiralbody, H is a complex parameterwith realpart theelectricper-
mittivity andimaginarypart I�JLK timestheconductivity of thebody, and M is the
real-valuedmagneticpermeabilityof the body. We assumethat $ H $%N H�OQP )
and M N M O P ) . Supposethat we have two electromagneticbodies � �SR H + M 	
and � �SR H 4 + M 4 	 with the sameboundary� � . Let @ and @ 4 be the associatedad-
mittancemaps. By the statement@ � @�4 we meanthe following: for every! � � � ��Div ��� �
	 , if �10 + � 	 and �10T4 + ��4 	 arethesolutionsto theboundaryvalue
problemabove for thebodies � �SR H + M 	 and � �%R H>4UMV4 	 respectively, then@ !(� �E:F� $ <�= � �/:W� 4 $ <>= � @ 4 !X.
Wegive theanalogousmeaningto G � G 4 .

Wemaynow statetheresults.In section1 we prove:

THEOREM A. Let � �SR H + M 	 and � �%R H 4 + M 4 	 beboundedelectromagneticbodiesin� � with electromagneticparameters �1H + M 	Y+ �1H 4 + M 4 	 �[ZT\F��� � 	 , and with smooth
boundary� � . Let @ and @]4 betheassociatedadmittancemaps,andassumethat
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andthesameis true of all derivativesat theboundary.

In section2 we handlethe caseof a chiral body. The methodof proof is es-
sentiallythesameasin thenon-chiralcase,however theunderlyingideasbecome
somewhatobscuredby themorecomplicatedsetting,andfor this reasonwe have
presentedthetwo proofsseparately, thefirst illustratingtheideasmoreaccessibly.
Thereasonfor thedifferencebetweentheproofsis that thenon-chiralMaxwell’s
equationsdecouplein a way that thechiral equationsdo not. Theparametersde-
scribingtheelectromagneticpropertiesof a chiral bodyusedhereare(asin [8]) a
changeof variablesfrom theonesin theBorn-Federov formulation(see[6]). The
parametersH and M satisfythe sameconditionsasfor the non-chiralcaseabove,
and ^ describesthechirality, andis a purely imaginarysmoothfunction. We as-
sumethat H>M�_`^ ��a� ) which amountsto assumingthat thefieldsnever become
parallel.

Theresultof section2 is:

THEOREM B. Let � �%R H + M + ^ 	 and � �SR H�4 + MV4 + ^�4 	 betwo boundedelectromagnetic
bodiesin � � with chirality describedby ^ and ^ 4 respectively. Supposethat�1H + M + ^ 	Y+ �1H 4 + M 4 + ^ 4 	 are in Z/\W��� � 	 and � � is smooth. If the associatedadmit-
tancemapsareequal, G � G94 , thenon � �H � H 4 + M � M 4 + and ^ � ^ 4
andthesameis true of all derivativesat theboundary.

It wasshown in [7], althoughnot statedexplicitly, thattheadmittancemapsare
pseudo-differentialoperatorsof orderone. Our approachis an inductive one. We
will assumethat the Taylor seriesof the parametersareknown to agreeto some
order at the boundary, and then computethe principal symbol of the difference
of the two associatedadmittancemaps.We show that this principal symbolthen
determinesthe next term in the Taylor seriesof the parameters.This approach
hasalreadybeenexploitedin variousinversescatteringproblems,[1], [2], [3] and
[4]. Computingtheprincipalsymbolturnsout to becomputationallymuchsimpler
thantrying to computethelower ordertermsof thesymbolof a singleadmittance
mapaswe areableto work invariantlyandsolelywith principalsymbols.This is
facilitatedby thestudyof familiesof classicalpseudo-differentialoperatorsbdcS�eSfhgSijlk parameterizedby normal distancefrom the boundary. Thesehave the
propertythat the total symbol is of lower orderwhenrestrictedto the boundary.
We arethenableto defineaninvariantvectorof principalsymbolsfor this family

by takingtheprincipalsymbolsof mkonqpp c k brc $ cts O . Westudyandutilize theproperties
of this vectorundercompositionwith normaldifferentiationat theboundaryand
with pseudo-differentialoperators.

In [8] it wasshown that for a chiral body the admittancemapuniquelydeter-
minesthematerialparametersthroughoutthebodyundertheassumptionthatthey
areknown to infinite orderat theboundary. We thushave thefollowing corollary:
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COROLLARY C. With � �%R H + M + ^ 	 and � �SR H 4 + M 4 + ^ 4 	 as in theoremB, if G � G 4
then H � H 4 + M � M 4 + and ^ � ^ 4
throughout

�
.

We thusconcludethat, in principle,thematerialparametersof a chiral electro-
magneticbodyarerecoverablefrom informationobtainedonly at theboundaryof
thebody, namelyknowledgeof theboundaryadmittancemap.

1. THE NON-CHIRAL CASE

1.1. The equations. We assumethatwe areworking in a compactconvex body,�
, in � � andthatwe have pickedgeodesicnormalcoordinateslocal to a point on

theboundarysothat � � is � � �*) andtheEuclideanmetricbecomesu � �� _wvx�y z>{ �}| x~z ��� 	 u � x u � z .
For themoment,wemake no constraintson | x~z but shalldo solater.

As we have a metric, thereis a naturalpairing and thereforean isomorphism
betweenone-formsandvectorfields - we shallwork exclusively with one-forms.
For time-harmonicfieldsat fixedfrequency K , Maxwell’s equationsthentake the
form � u � ����� K�HL0� u 0 �[� K�M��(1.1)

and � �1HL0 	��*),+ � ��M�� 	]�[),.
Here

�
is theHodgestaroperator,

u
is exterior differentiationand

� � � u �
is its

adjoint.Wehave � u � IM � u 0 	�� K � H�0
andthus M � u7� IMX� : � u 0B_ � u � u 0 � K � M�HL0 .
Or � � u �1�����]M 	 : � u 0*_ � u � u 0 � K � M�HL0 .
Now onone-formsona three-manifold,� ��� � u � u _ u � u � so� �'0[_ u � u � 0 � � � u �o���DM7: � u 0 	�� K � M�H�0 �*),.
Wealsoknow � �10 	]��� 0�& u �o����H .



TOTAL DETERMINATION OF MATERIAL PARAMETERS 5

(Herewe aretakingtheinnerproducton one-formsinducedby themetric- this is
aninvariantstatementandholdsin theflat coordinates.)So� ��0 � u �10�& u �o����H 	�� � � u ������M7: � u 0 	�� K � M�H�0 �*),.
This is of theform� 0 ��� f ��>��� � ����>��� ��� ��� + f � � 	���� b���� 	 f �>� ��� ��� 	 � 0 �[),+
whereasin [7]

�
consistsof all termsinvolving first orderdifferentiationin � m

and � � , b is thecoefficientmatrixof �¡J¢� � � , � consistsof all zeroordertermsand� ��>� is theLaplacianin � m + � � for thevalueof � � .
1.2. Factorization.

PROPOSITION 1.1. Thereexists £h��� + f � � 	 � eSfhg m with principal symbol
� $ ¤ 4 $ �

dependingsmoothlyon � � such that� � � f �>� � ��� b���� 	��8� £ 	 � f �>� � _ � £ 	
up to smoothingand £ is uniqueup to smoothing.

Proof. As in [7] � 4 _ �Y¥ f � � + £E¦§_ � _¨bT£3_¨£ � _ ���*),.
Theprincipalsymbolof £ is therefore© $ ¤ 4 $ � ; we take

� $ ¤ 4 $ � . Now supposewe
have chosen£ z � eSfhg m«ª z suchthat¬%­*� £ O _®£ m _*&¯&¯&°_¨£ ­
satisfies� 4 _ �Y¥ f �>� +Y¬%­ ¦§_ � _®b ¬%­ _ ¬ � ­ _ ��� 0 ­ � eSfhg m«ª ­ .
Thenwe musthave�Y¥ f � � + £ ­D± m ¦§_¨bT£ ­D± m _;£ �­�± m _ ¬T­ £ ­D± m _®£ ­D± m ¬%­²� 0 ­ � eSfhg ª ­ .
Theprincipalsymbolof this is just�
³ $ ¤ 4 $ ��´ ª ­ �1£ ­D± m 	µ� ´ m«ª ­ �10 ­¶	Y.
Sopicking thesymbolof £ ­D± m appropriatelythis is zeroaway from ¤ 4 �·) and
we canconstructall the £ ­ ; we let £ betheasymptoticsum.By construction,£
is uniquemoduloasmoothingoperator.

1.3. A classof pseudo-differential operators. Let ¸ bea smoothmanifold. We
studyfamiliesof operatorson ¸ smoothlyvarying with a parameter¹ . (We will
take ¸ to be � � and ¹ thenormaldistance.)

DEFINITION 1.2. We shallsay bº� eSfhgSi y » �1¸ R � ± 	 if it is a family of pseudo-
differentialoperatorsof order ¼ on ¸ , varying smoothlyup to ¹ �w) , andsuch
that b � »vz s O ¹ » ª z b z
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with b z asmoothfamily of operatorson ¸ of order ¼ �5½¾. Wewill allow operators
onbundlesalso.

DEFINITION 1.3. If bw� eSfhg i y » �1¸ R � ±X	 thenthesymbolof b at ¹ � ) is the
vector � ´ i ª z �1b z 	«	 » z s O
evaluatedat ¹ �¿),. This makes invariant senseas a vector of functionson the
cotangentbundleof ¸ .

Thefollowing is immediate.

PROPOSITION 1.4. If £ is a smoothfamily of operators on ¸ of order 
 andbÀ� eSfhgSi y » �1¸ R � ± 	 then £5b + bT£Á� eSfhgSi ± � y » �1¸ R � ± 	 and thesymbolsofbT£ + £�b at ¹ �*) are just theproductof thesymbols.Wealsohavethat¥ f c + bS¦r� eSfFg i y » ªVm
andthat theprincipal symbolat theboundaryis

��� �«�ÃÂ �#½}	 ´"i ª z �1b z 	«	 » ªVmz s O .
1.4. The symbol of the difference. Now supposewe have two differentsetsof
parameters,�1H + M 	 and �1H>4 + MV4 	 , with associatedadmittancemaps @ and @�4 ; let £
and £ 4 be the associatedfactorizationoperatorsfrom proposition1.1. We shall
consistentlyuse4 to denoteoperatorsassociatedto H�4 + MV4 .

Supposethat @ � @ 4 ; from [7] we know that on � � H � H 4 , M � M 4 andthe
sameis trueof thefirst normalderivatives.Weshallprove inductively thatif H andH�4 areknown to agreeto order Ä N ³ at theboundary, andsimilarly for M and MV4 ,
thenthefact that @ � @ 4 impliesthat theparametersagreeto order Ä"_3I . To this
endwewrite H°J°H 4 � I�_;� k��Å>Æ + MrJLM 4 � I�_;� k�¯Å>Ç +(1.2)

with Å Æ + Å Ç smoothupto theboundary. Wewill calculateÅ Æ and Å Ç attheboundary
from theprincipalsymbolof thedifference@]4 � @ whichwe write in termsof the
difference£ 4 � £ . Wefix apoint Â ontheboundaryandwork in coordinateswhich
aregeodesicnormalcoordinatesat Â in theboundaryandextendednormallyoff the
boundary.

PROPOSITION 1.5. Suppose�1H + M 	 and �1H>4 + MV4 	 are equal to order Ä N ³ at the
boundary. Writing £E4 � £�_ ! we have

! � e%fFg O y k ªVm , and if ��È z 	 z s O y ªVÉ k ªVmËÊ
is theprincipal symbolof

!
at theboundary, thenin our chosenlocal boundary

normalcoordinatesÈ ªVÉ k ªVmËÊ � Ä�Ì³ k $ ¤ 4 $ k�3ÍÎ Å¯Æ�ÏÐ ) ) � ¤ m) ) � ¤ �) ) $ ¤ 4 $ �
ÑÒ _ Å¯Ç8ÏÐ $ ¤ 4 $ � ) � ¤ m) $ ¤ 4 $ � � ¤ �) ) ) ÑÒ7ÓÔ _¨Õ 4 +(1.3)

where Õ 4 vanishesto secondorder at � m + � � �*),.
Proof. With £54 � £3_ ! we have� 4 _ �Y¥ f �>� + £E¦,_ � _¨bT£B_¨£ � _ ���*),+ and� 4 _ �Y¥ f � � + £3_ ! ¦§_ � 4 _¨b 4 �1£3_ !E	 _3�1£B_ !E	 � _ � 4 �*),.
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Subtractingyields,�Y¥ f �>� +Ö! ¦,_¨b 4 ! _ ! � _ ! £3_¨£ !(� � � 4 ����	 _B� � 4 �8�/	 _B�1b 4 � b 	 £ .(1.4)

So if we canconstruct
!

satisfying(1.4), then £ 4 � £×_ ! aswe know £ 4 is
unique(modulosmoothing).

The terms on the right hand side of (1.4) result from
� K � H�M�0 ,u �10×& u �o����H 	 and

� � u �o���DM�: � u 0 	 (seesection1.1). Specifically, the termsin-
volving differentiationin the tangentialvariablesmake up � � 4 �Q��	 , andthose
involving no differentiationmake up � � 4 �®�/	 ; thecoefficientsof differentiation
with respectto thenormalvariable� � arewhatcomprise�1b 4 � b 	 , whichthenmul-
tiplies thefirst orderpseudo-differentialoperator£ . We computethecontribution
of thesetermsto theright handsideof (1.4)modulo

eSfhg m y k . NowK � H�M � K � H 4 M 4 � K � H 4 M 4 ��� k� � Å¯Æ _ Å¯Ç 	 _;� � k�]Å>ÆØÅ>Ç 	 � e%fFg O y k .
Wealsohave,u �10(& u ������H 4 	�� u �10�& u �o���ÙH 	��Ú� u �10�& u �o����Û HH 4«Ü 	�Ú� u �10�& u �o���Ý�ÞI�_;� k� Å>Æ 	«	Y+
and u ¥ �o���Ý�ÞI�_;� k� Å>Æ 	 ¦ � Äß� k ªVm� Å¯Æ u � �ID_à� k� Å¯Æ _ � k� u Å>ÆI�_à� k� Å>Æ .
Thus 0�& u �o���¡�ÞID_;� k� Å¯Æ 	�� Ä�� k ªVm� Å Æ 0 �I�_à� k� Å>Æ _ � k� 0(& u Å ÆI�_;� k� Å>Æ +
andsou ¥ 0�& u �o���¡�ÞID_;� k� Å Æ 	 ¦ � Ä«�1Ä � I 	 � k ª �� Å¯Æ 0 �ID_;� k� Å¯Æ u � � _ Ä�� k ªVm� 0 �I]_;� k� Å¯Æ u Å Æ_ Ä�� k ªVm� Å¯ÆI]_¨� k� Å¯Æ u 0 � _ Ä�� k ªVm� �10�& u Å>Æ � � k ªVm� Å �Æ 0 � 	�ÞI�_;� k� Å¯Æ 	 � u � �� � � k� �1Ä�� ªVm� Å¯Æ 0 � _¨0(& u Å>Æ 	�ÞI�_;� k� Å>Æ 	 � u Å¯Æ _ � k�I�_;� k� Å>Æ u �10�& u Å¯Æ 	� � m _ � � _ � � _ �Ýá _ �Vâ _ �Ýã + say.

We computethe contribution of
u �10 & u �o���Ý�ÞI
_[� k� Å>Æ 	«	 to the right handsideof

(1.4) modulo
eSfhg m y k ; this meanswe can ignoreoperatorsnot involving

f � � if
they arein

eSfhg m y k , andsowe candroptheterms
� � + �¡á + �Vâ . Thecoefficientsof

operatorsin
f �>� arewhatmakeup b%4 � b which,in theright handsideof (1.4), is

multipliedby £ . Theresultingoperator�1b 4 � b 	 £ is in
eSfhg m y k if thecoefficients

vanishto order Ä . Thuswe maydrop
�Ýã

.
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Weareleft withu �10Ú& u �����¡�ÞI�_;� k� Å¯Æ 	«	]� II�_;� k� Å>Æ Û Ä«�1Ä � I 	 � k ª �� Å¯Æ 0 � u � � _¨Ä�� k ªVm� Å>Æ u 0 � _ � Ü
wherethecontribution of

�
in (1.1) resultsin operatorsin

e%fFg m y k . The
u 0 � will

have two parts- thecoefficientof
f �>� is absorbedinto b%4 � b andthenmultiplied

by £ . Thusmodulo
eSfhg m y k thesymboliccontribution of

� u �10`& u �o���V�ÞIV_�� k� Å¯Æ 	«	
to theright handsideis� Ä«�1Ä � I 	 � k ª �� Å¯ÆID_;� k� Å¯Æ ÏÐ ) ) )) ) )) ) I

ÑÒ � Ä�� k ªVm� Å>ÆI�_à� k� Å¯Æ ÏÐ
) ) � ¤ m) ) � ¤ �) ) � $ ¤ 4 $ �

ÑÒ .
This leaves the term

� � u �o���Ý��M 	 : � u 0 	 . When we take the differencewe get� � � u �o���¡�ÞI9_²� k� Å¯Ç 	 : � u 0 	 . The only term from this which doesnot result in
somethingin theright handsideof (1.1)absorbableinto

eSfhg m y k is� Ä�� k ªVm� Å>ÇI�_;� k� Å>Ç � � u � � : � u 0 	Y.
Now theHodgestaroperatorin thesecoordinatesis equalto theflat staroperator,�Lä +

in thesecoordinatesplusanerror. Wenow assumethatwehavechosencoordi-
natesnormalaboutsomepoint in theboundaryandthenextendednormallyaway
from theboundary. Then� � � � _;� � f _åvx�y z>{ � � x � z � f x~z 	 �Lä +(1.5)

with
f + f x~z smoothhomomorphismsof the form bundles. The � � f will give

us an elementof
eSfFg m y k which is thereforeignorable. We first computein flat

coordinatesthevalueof
�Lä � u � � : �Lä u 0 	 ; this is equalto� �"0 m�"� � u � m _ �"0 ��"� m u � m � �"0 ��"� � u � � _ �"0 ��"� � u � � .

As beforethedifferentiationin � � becomespartof b 4 � b andwe thereforehave
to drop the ¤ � in thesymbolandreplaceit by theprincipalsymbolof £ which is� $ ¤ 4 $ � + soweconcludethatthecontribution to theforcingontheright handsideis� Ä�� k ªVm� Å ÇI�_à� k� Å¯Ç ÏÐWÏÐ

) ) � ¤ m) ) � ¤ �) ) ) ÑÒ _ $ ¤¢4 $ � ÏÐ I ) )) I )) ) ) ÑÒFÑÒ _ ´ � ¬ m 	 _ ´ � ¬ � 	Y.
Here
¬ m � e%fFg m y k and

¬ � � æzçy z>{ � � x � z ¬ x~z with
¬ x~z � eSfhg m y k ªVm .

Sowehave that
�Y¥ f �>� +Ö! ¦�_8b 4 ! _ ! �r_ ! £Q_8£ !Ú�3¬ with

¬ � eSfFg m y k ªVm
from (1.4). We first show that this means

! � e%fFg O y k ªVm andthencomputethe
symbolof

!
at ourchosenpoint.

We know
!

is a pseudo-differential operatorof orderzeroas £ + £ 4 have the
sameprincipalsymbol.Theprincipalsymbolof theleft handsideis

�
³ $ ¤ 4 $ ��´ O � !E	
andsowe pick

! O to have principalsymbol
� I�J,� ³ $ ¤ 4 $ � 	 ´ m � ¬T	 which vanishesto

order Ä � I at � � �*) , sowecancertainlytake
! O � eSfFg O y k ªVm . Putting

! m �[!Q�
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eSfFg O y k ª � andthus

solveto get
! m � eSfFg ªVm y k ª � . Repeatingweget

! Oè_ ! m _W&¯&¯&�_ ! k ªVm � eSfFg O y k ªVm
solving up to an error in

eSfhg ª k . This canthenbe removed in the sameway £
wasoriginally constructedsowe concludethat

!(� £ � £ 4 canbeconstructedto
bein

eSfFg O y k ªVm andthereforeby uniquenessis actuallyin
eSfhg O y k ªVm .

Now recall that the principal symbolof
!

at � � �w) is a well-definedobject
andis avectorof matrices.Let ��È z 	 z s O y ªVÉ k ªVmËÊ bethisvector. Then

! £3_¨£ ! has

symbol � �
³ $ ¤ 4 $ � È z 	 and
�Y¥ f �>� +Ö! ¦r� e%fFg O y k ª � hassymbol �«�1Ä � Iµ_ ½}	 È z 	 ªVÉ k ª � Êz s O .

Sofrom (1.4), we obtainthat��³ $ ¤¢4 $ � È O �� Ä Å Ç�ÏÐhÏÐ ) ) � ¤ m) ) � ¤ �) ) ) ÑÒ _ $ ¤ 4 $ � ÏÐ I ) )) I )) ) ) ÑÒhÑÒ � Ä Å Æ�ÏÐ ) ) � ¤ m) ) � ¤ �) ) � $ ¤ 4 $ �
ÑÒ _¨Õ

whereÕ vanishesto secondorderat � m + � � �*) . Wealsohave�
³ $ ¤ 4 $ � È ªVm _B�1Ä � I 	 È O ��� Ä«�1Ä � I 	 Å¯Æ7ÏÐ ) ) )) ) )) ) I
ÑÒ +

and �
³ $ ¤¢4 $ � È ª z _B�1Ä ��½}	 È m«ª z �*),.
We canthusiteratively determineÈ ªVÉ k ªVmËÊ , theprincipalsymbolof

!
restrictedto� � �B) , which is whatwe wantto know. Explicitly,È ªVÉ k ªVmËÊ � Ä�Ì³ k $ ¤ 4 $ k� ÍÎ Å Æ7ÏÐ ) ) � ¤ m) ) � ¤ �) ) $ ¤ 4 $ �

ÑÒ _ Å Ç8ÏÐ $ ¤ 4 $ � ) � ¤ m) $ ¤ 4 $ � � ¤ �) ) ) ÑÒ�ÓÔ _¨Õ 4 +
whereÕ¢4 vanishesto secondorderat � m + � � �[) .
1.5. Recovering thecoefficients. In [7] it wasshown thattheparametersandtheir
first derivativesaredeterminedon theboundaryfrom theadmittancemap. As in
theprevioussectionwe assumethat �1H + M 	 and �1H 4 + M 4 	 areknown to agreeto orderÄ N ³ ontheboundary. In thissectionweshow thatthedifferenceof theadmittance
maps,@ 4 � @ , determinesÅ>Æ and Å¯Ç (see(1.2)). We fix a point Â in theboundary
of the domain,take normalcoordinatesin the boundaryaboutit andthenextend
theseoff theboundarynormally.

Beforeproceedingto theproof,wepresentausefullemma.

LEMMA 1.6. Supposethat b m and b � arepseudo-differential operatorsof theformb z �*é z _QÈ���� 4 	�� z
where

é z +Ö� z are ¼ c�ê -orderpseudo-differential operators,
½5� I +ç³ , and È��ÃÂ 	��*) .

Thenwe can recover theprincipal symbolof
é m �®é � at Â (evenif it is of lower

order than b m � b � ).
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This follows from thefactthatin any coordinatesystemthetotal left symbolofÈ���� 4 	 � � m �#� � 	 will vanishat Â . Theusefulnesslies in ourability to discardterms
in otherwisecomplicatedcomputations.

Fromthedefinitionof @ (0.1), Maxwell’sequations(1.1), andtheexpansionfor
theHodgestaroperator(1.5), theadmittancemapat thepoint Â is� 0 �� 0 m �7ëëëë �>� s O
ì

C I� K�M � � � 0 m � � m 0 �� � 0 � � � � 0 � ��ëëëë �>� s O
plustermswhich have coefficientsvanishingat � m � � � �Ú) ; we shallbeconsid-
eringthedifference@ 4 � @ andsofrom theabove lemma,thesymbolof @ 4 � @ atÂ doesnot involve theseterms.

We wish to expressthe right handside in termsof 0 m and 0 � andoperators
solelyon theboundary. Weknow that

� �1H�0 	��*) andhencethat
u � �1HL0 	��*) . As

above, � � ��íÞî9_¶� � f _Qv x�y z � x � z f x~z 	 �Lä
with
f + f xïz variablematrices(all sumsaretakenover

�Ö+ ½Wð`³
). Sowe have thatu H�:��«��í�îS_¶� � f _ v x~z � x � z f x~z 	 �Lä 0 	_¨H u �«��í�îS_¶� � f _ v x~z � x � z f x~z 	 �Lä 0 	��*),.

Evaluatingat � � �*) thisbecomes,

(1.6)
u H�:�� �Lä 0 	 _Qv x~z � x � z u H�:�� f x~z �Lä 0 	 _¨H§� u �Lä 0 	_;H}� u � � :�� f �Lä 0 	«	 _;Hµv x~z u ��� x � z f x~z �Lä 0 	��*),.

PROPOSITION 1.7. If �Ëñ + � 	 is a local geodesicnormal coordinate patch to the
boundaryof

�
near Â , then�ò0 z�ó� � � �v k s m £ z k 0 k + j=1,2,3

where £ z k are thecomponentsof thematrixof operators £ .
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Theproof of this is asin [7] proposition2, and[5] proposition1.2. Sodividing
by H andrearranging,we concludethat,

(1.7) ��í�î9_ v x�y z � x � z f xïz 	 �1£ �«� _®� � �����]H 	 0 � _B� f _ v x�y z � x � z � � f x~z 	 0 � �� ��íÞî9_ v x�y z � x � z f x~z 	q� ��� m ������H 	 0 m _B��� � �o����H 	 0 � _®� m 0 m _®� � 0 �_¨£ � m 0 m _®£ � � 0 � �� � m � v x�y z � x � z f x~z 	 0 m � � � � v xßy z � x � z f x~z 	 0 � � � + say.

Let ô be the coefficient of 0 � , andlet õ be a parametrixfor ô which is cer-
tainly elliptic at � m + � � �ö) . We alsohave that theprincipal symbolof õ is just� $ ¤ 4 $ ªVm� í�î .

So 0 � � õ � and� � 0 m � � m 0 � � £ m«m 0 m _¨£ m � 0 � _B�1£ m � � � m 	 õ � .
Extractingthecomponentsactingon 0 � , we have� K�M�@ m«m �£ m � � �1£ m � � � m 	 õ � ��íÞî9_ v xßy z � x � z f x~z 	 ��� � �o���DH}_�� � _5£ � � 	 _�� � � v x�y z � x � z f x~z 	 �
plustermsvanishingat � m � � � �*) .

Now ô , and hence õ , dependson the derivatives of H and M . However, the
dependencein ô � ô 4 comesonly from £ �«� � £ 4�«� forô � ô 4 � ��í�î¶_8v x�y z � x � z f x~z 	�¥ £ �«� � £ 4�«� _®� � �o��� Û HH 4 Ü ¦
andaswe areworking at � � � ) , H � H�4 . Furthermore,at � � �·) , £ �«� and £54�«�candiffer by anoperatorof orderat most

� �1Ä � I 	 . If two first orderoperatorsare
equalup to order

� �1Ä � I 	 thenusing÷ ªVm ��ø ªVm � ÷ ªVm � øÙ� ÷ 	Þø ªVm
we concludethat their parametricesagreeto order

� �1Ä�_·I 	 . So we have thatõù4 � õ is of order
� �1Äd_úI 	 , where õ�4 is the analogueof õ for H�4 + MV4 , and its

principalsymbolat Â will be
� $ ¤ 4 $ ª �� ´ ªVÉ k ªVmËÊ � ! �«� 	 .
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And so� K�M]�1@ 4 m«m � @ m«m 	�� �1£ m � _ ! m � 	� �1£ m � _ ! m � � � m 	 õ 4 � ��í�î9_�v x�y z � x � z f xïz 	 ��� � ������H 4 _®� � _¨£ � � _ ! � � 	_®� � �lv x�y z � x � z f x~z 	 � � £ m �_��1£ m � � � m 	 õ � ��íÞî9_ v xßy z � x � z f x~z 	 ��� � �o���]HV_#� � _#£ � � 	 _#� � � v xßy z � x � z f x~z 	 ��*! m � � �1£ m � � � m 	 õ 4 ��íÞî9_ v x�y z � x � z f x~z 	�! � � � �1£ m � � � m 	 �1õ 4 � õ 	 6� ��í�î¶_ v x�y z � x � z f x~z 	 ��� � _¨£ � � 	 _®� � � v x�y z � x � z f x~z 	 ���! m � õ 4 � ��í�î¶_ v x�y z � x � z f x~z 	 ��� � �o����H 4 _#� � _F£ � � _ ! � � 	 _h� � � v xßy z � x � z f x~z 	 �� �1£ m � � � m 	q� �1õ 4 � õ 	 � � u _ v xßy z � x�û�z f xïz 	 � � �����]H 4_¨õ®� � u _ v x�y z � x û z f x~z 	 � � �o��� � H 4H � � .
Theprincipalsymbolof thisat Â will comefrom! m � _®� m õ 4 ! � � _Q� m �1õ 4 � õ 	 � � �8! m � õ 4 ��� � _ ! � � 	Y.
Usingtheresultsof theprevioussection,if ¼ ��� �1Ä � I 	 , thishasprincipalsymbol
at thepoint Â equalto´ói � ! m � 	µ��� ¤ m $ ¤ 4 $ ªVm� ´ói � ! � � 	 _ ¤ m ¤ � $ ¤ 4 $ ª �� ´ói � ! �«� 	_ $ ¤ 4 $ ªVm� ´ i � ! m � 	 � � ¤ � _ ´ i � ! � � 	«	
whichby (1.3) is equaltoÄ�Ì³ k $ ¤ 4 $ k ± m� � ¤ m ¤ � Å¯Æ � ¤ m ¤ � � Å>Æ _ Å>Ç 	«	�� � Ä�Ì³ k $ ¤ 4 $ k ± m� ¤ m ¤ � Å>Ç .
Computingtheremainingcomponentsof theprincipalsymbolof @]4 � @ at Â , we
obtain )E� � Ä�Ì³ k $ ¤ 4 $ k ± m� Å Ç� K�M � � ¤ m ¤ � � ¤ ��¤ �m ¤ m ¤ � � .
ThusweareabletodetermineÅ>Ç from @ 4 � @ . Sinceweareassumingknowledgeof

themap @ , weknow alsoits inverse;restrictedto thespace
� � ��Div ��� �
	 , this is the

impedancemapwhich mapsthetangentialcomponentof themagneticfield at the
boundaryto thatof theelectricfield at theboundary. Interchangingtherolesof H
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andM in ouranalysis,wefind thatcomputingtheprincipalsymbolof �1@ 4 	 ªVm � @ ªVm
yields )5� Ä�Ì³ k $ ¤ 4 $ k ± m� Å>Æ� K�H � � ¤ m ¤ � � ¤ ��¤ �m ¤ m ¤ � �
and we may concludethat Å¯Æ and Å>Ç are determinedat the boundaryfrom the
assumedknowledgeof theboundarymaps.

We remarkthe unexpectedfact that the inverseof the first order non-elliptic
pseudo-differentialoperatorexists,andthatit isalsoafirstorderpseudo-differential
operator;of course,thesymbolof theinverseis not theinverseof thesymbol.This

is a resultof working on therestricted
� � ��Div ��� �
	 spacesratherthanon Sobolev

spaces- see[10] for furtherdiscussion.

2. CHIRAL MEDIA

Supposenow that
�

is a bodywith chirality describedby a smoothfunction ^ .
We shall apply the techniquesof the previous sectionto show that if two bodies
have the sameadmittancemap, then the chirality togetherwith the other three
materialparametersof thebodiesmustcoincideto infinite orderat theboundary.

2.1. The equationsfor chiral media. Workingagainwith one-forms,andtaking
theformulationof [8] which is a changeof variablesin theBorn-Fedorov formu-
lation,Maxwell’s equationsfor achiralbodytake theform� u � ����� K
�1HL0*_¨^d� 	� u 0 �[� K
��M�� � ^d0 	(2.1)

togetherwith � �1HL0B_¨^d� 	�� � ��M�� � ^d0 	]�*),.(2.2)

Wewrite (2.1)as� u7� 0� � ����� K � ^ � MH ^ � � 0� � ����� K�ü � 0� �
wherewe introducethenotationü � � ^ � MH ^ � .
Wehave � u � u � 0� � � ��� K � uÙ� ü � 0� � �� ��� K � � u üº: � 0� � � � K � ü � � 0� �
wherewe have used(2.1)again.But� 0� � ��� I� K ü ªVm � u � 0� �
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so � u � u7� 0� � � � �ßu üº:Wü ªVm � uW� 0� � � � K � ü � � 0� �
andthus� � � 0� � _ u � u � � 0� � � � �tu üº:Wü ªVm � u7� 0� � � _;K � ü � � 0� � �*),.
But (2.2) impliesthatu � u � � 0� � ��� uÙ� ü ªVm � u ü 	 & � 0� � �
wherethe innerproducton one-formsis that inducedfrom themetric,andwhere
theinnerproductis takencomponentwisewithin thematrix multiplication. Com-
bining these,� � � 0� � � uD� ü ªVm � u ü 	 & � 0� � � � � ��u üý:Wü ªVm � u7� 0� � �_;K � ü � � 0� � �*)
whichcanbewritten in theformþ � 0� � � � f ��>� � � � 4�>� � �8ÿ ��� + f � � 	������ ��� 	 f � � ��� ��� 	 ��� 0� � �*)
where

ÿ
consistsof all termsinvolving first orderdifferentiationin � m and � � , �

is thecoefficient matrixof �ÝJ¢�ó� � , and
�

consistsof all zeroorderterms.
As in proposition1.1,thereis Z���� + f � � 	 � eSfFg m suchthatþ � � f �>� � ����� ��� 	���� Z 	 � f �>� � _ � Z 	Y+

with principal symbol
� $ ¤ 4 $ � timesthe identity, andwith this choiceof principal

symbol, Z is uniquemodulosmoothing.

2.2. The symbol of Z 4 � Z . Supposethat we have two bodies � �SR H + M + ^ 	 and� �SR H 4 + M 4 + ^ 4 	 for which the admittancemapsareidentical,andfor which thepa-
rametersareequalup to order Ä at theboundary, with Ä N ³ . As beforeweshalluse4 to denoteall operatorsassociatedwith theparametersH 4 + M 4 + ^ 4 . We shallprove
thatequalityof theadmittancemapsimpliesthatin facttheparametersmustagree
to order Ä§_²I , andthusinductively prove thatthey areequalto infinite orderat the
boundary. We assumethatwe have chosencoordinatesnormalaboutsomepointÂ in theboundary, andhave extendedthesenormallyaway from theboundaryto a
neighborhoodof Â . If wewrite ZS4 � Z²_ ! thenwehave� 4 _ �Ø¥ f �>� + ZS¦§_ ÿ _ � Z²_QZ � _ �8�B),+� 4 _ �Y¥ f �>� + Z`_ ! ¦q_ ÿ 4 _ � 4 �lZ²_ !E	 _B�lZ²_ !E	 � _ � 4 �*)
andsubtractingyields�Ø¥ f � � +Ö! ¦,_ � 4 ! _ ! � _ ! Z`_`Z !(� � ÿ 4 �8ÿ�	 _B� � 4 ����	 _B� � 4 ���/	 Z .(2.3)
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Thetermson theright handsideof thisexpressioncomefromu � ��ü 4 	 ªVm � u ü 4 	 & � 0� � �%� u � ü ªVm � u ü 	 & � 0� � �§+(2.4) � �tu ü 4 :���ü 4 	 ªVm � u � 0� � � � � �tu üº:Wü ªVm � u � 0� � � + and(2.5) K � ü � � 0� � � K � ��ü 4 	 � � 0� � .(2.6)

Specifically, thetermsinvolving differentiationin thetangentialvariablesmakeup� ÿ 4 �`ÿ�	 , and thoseinvolving no differentiationmake up � � 4 ����	
; the coeffi-

cientsof differentiationwith respectto thenormalvariable � � arewhatcomprise� � 4 ���/	 , which thenmultipliesthefirst orderpseudo-differential operatorZ . We
computemodulo

e%fFg m y k andmake useof thefollowing lemma.

LEMMA 2.1. (i) If
é

is a matrix (of 0, 1, or 2-forms),then termsfrom (2.4),

(2.5)and (2.6)of theform � k� é : ��"� � � 0� � contribute termsin
eSfFg m y k to

theright handsideof (2.3).
(ii) If

f
is a differential operator of orderonein � m and � � , andof orderzero in� � , then � k� f � 0� � � eSfFg m y k .

(iii) If
é

is a matrixof functions,then � k ªVm� é � 0� � � e%fFg k ªVm y O�� eSfhg m y k .
Proof. Claims (ii) and (iii) are immediate. For (i), we mustsimply observe thatZ is a first orderpseudo-differentialoperatorin � m and � � , anddependssmoothly
on � � asa parameter. Therefore,in the right handsideof (2.3) we have � k� é Z �eSfhg m y k .
Weput

ü 4 � ü � � k� �ù� � k� � Å
	 � Å ÇÅ>Æ Å�	 �
andendeavor to show that

���*)
at theboundary.

PROPOSITION 2.2. Suppose�1H + M + ^ 	 and �1H 4 + M 4 + ^ 4 	 are equalto order Ä N ³ at
theboundary. Writing Z 4 � Z#_ ! , wehave

! � eSfFg O y k ªVm , andif ��È z 	 z s O y ªVÉ k ªVmËÊ
is the principal symbolof

!
at the boundarythenin our chosenlocal boundary
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normalcoordinates,

È ªVÉ k ªVmËÊ � � Ä�Ì³ k $ ¤ 4 $ k� �1H�MW_;^ � 	 �
� m«m � m �� � m � �«� � _;Õ 4 + where

� m«m � ÏÐ $ ¤ 4 $ � ��^ Å�	 _¨H Å¯Ç 	 ) � ¤ m � ³ ^ Å
	 _®H Å¯Ç _;M Å¯Æ 	) $ ¤ 4 $ � ��^ Å�	 _¨H Å>Ç 	¿� ¤ � � ³ ^ Å
	 _®H Å¯Ç _;M Å¯Æ 	) ) $ ¤ 4 $ � ��^ Å�	 _;M Å>Æ 	
ÑÒ +

� m � � ÏÐ $ ¤ 4 $ � ��M Å�	 � ^ Å Ç 	 ) � ¤ m � ³ M Å�	 ��³ ^ Å Ç 	) $ ¤ 4 $ � ��M Å�	 � ^ Å>Ç 	¿� ¤ � � ³ M Å�	 ��³ ^ Å>Ç 	) ) $ ¤ 4 $ � ��M Å
	 � ^ Å>Ç 	
ÑÒ +

� � m � ÏÐ $ ¤ 4 $ � ��^ Å¯Æ � H Å�	 	 ) � ¤ m � ³ ^ Å>Æ �8³ H Å�	 	) $ ¤ 4 $ � ��^ Å¯Æ � H Å
	 	?� ¤ � � ³ ^ Å>Æ �8³ H Å�	 	) ) $ ¤ 4 $ � ��^ Å>Æ � H Å�	 	
ÑÒ +

and

� �«� � ÏÐ $ ¤ 4 $ � ��^ Å�	 _;M Å Æ 	 ) � ¤ m � ³ ^ Å
	 _®H Å Ç _;M Å Æ 	) $ ¤ 4 $ � ��^ Å
	 _;M Å>Æ 	¿� ¤ � � ³ ^ Å
	 _®H Å¯Ç _;M Å¯Æ 	) ) $ ¤ 4 $ � ��^ Å
	 _®H Å¯Ç 	
ÑÒ

andwhere Õ¢4 vanishesto secondorder at � m + � � �*) .
Proof. Wefirst analyze(2.4):uD� Û ��ü 4 	 ªVm u ü 4 � ü ªVm u ü Ü & � 0� � �� u � Û ü ªVm u ��ü 4 � ü 	 _B��ü 4 	 ªVm ��ü � ü 4 	 ü ªVm u ü 4 Ü & � 0� � �� u � Û>ü ªVm u ��� k� �µ	�� � k� ��ü 4 	 ªVm � ü ªVm u ü 4 Ü & � 0� � �� Ä«�1Ä � I 	 � k ª �� ü ªVm � � 0 �� � � u � � _¨Ä�� k ªVm� u ��ü ªVm �µ	 � 0 �� � �_¨Ä�� k ªVm� ü ªVm � � u 0 �u � � � _¨Ä�� k ªVm� ü ªVm u � & � 0� � u � �_;� k� u ��ü ªVm 	 u � & � 0� � _à� k� ü ªVm u ¥ u � & � 0� � ¦� Ä�� k ªVm� ��ü 4 	 ªVm � ü ªVm u ü 4 & � 0� � u � � � � k� u �«��ü 4 	 ªVm � ü ªVm 	 u ü 4 & � 0� �� � k� ��ü 4 	 ªVm � ü ªVm u ¥ u ü 4 & � 0� � ¦� �v x s m � x + say.
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Fromlemma2.1 terms
� � and

�¡á +¯.¯.¯.L+ � � contribute termsin
eSfhg m y k to theright

handsideof (2.3). Writing� � � Äß� k ªVm� ü ªVm � � � m 0 � u � m _®� � 0 � u � �� m � � u � m _®� � � � u � � � _;Ä�� k ªVm� ü ªVm � � � � 0 � u � �� � � � u � � �
andrecallingthatthecoefficientof theterminvolving �"� � multiplies Z in theright
handsideof (2.3), we have thecontribution from (2.4)equaltoÄÞ�1Ä � I 	 � k ª �� ü ªVm � � ¸ m )) ¸ m � _¨Ä�� k ªVm� ü ªVm � �
� m )) � m �(2.7)

where ¸ m � ÏÐ ) ) )) ) )) ) I
ÑÒ +

and � m � ÏÐ ) ) � m) ) � �) ) Z �«�
ÑÒ

with Z �«� the ��� -componentof Z . Next,� ��u ü 4 :���ü 4 	 ªVm � u7� 0� � � � � �ßu üº:Wü ªVm � u7� 0� � �� � �tu ü 4 :��1��ü 4 	 ªVm ��ü � ü 4 	 ü ªVm _;ü ªVm�� � u7� 0� � �� � �tu üý:Fü ªVm � u � 0� � �� � �tu ü 4 :���ü 4 	 ªVm � k� � ü ªVm � u � 0� � � _ � � Ä�� k ªVm� � u � � :¶ü ªVm � u � 0� � �_ � � � k� u � :¶ü ªVm � u7� 0� � �
The first andthird of thesetermscontribute elementsof

e%fFg m y k by lemma2.1.
For thesecondtermwewrite

� � ��íÞî
_¶� � f _ æ x�y z
� � � x � z f x~z 	 �Lä to obtain� � Äß� k ªVm� � u � � :Wü ªVm � u � 0� � �T� �Lä � Ä�� k ªVm� � u � � :7ü ªVm �Lä u � 0� � � _ � _ � 4
where

�
resultsin termsin

eSfhg m y k by lemma2.1again,and
� 4 vanishesto second

orderat � m + � � ��) . Computingin termsof theflat staroperator, thecontribution
from (2.5) is thusÄ�� k ªVm� � ü ªVm � � � )) � � � � 0� � _ � 4 + where � � � ÏÐ � Z �«� ) � m) � Z �«� � �) ) ) ÑÒ .(2.8)

Thefinal considerationis thecontribution from (2.6). This isK � ��ü � � ��ü 4 	 � 	 � 0� � � K � �Ãü;��ü � ü 4 	�� ��ü 4 � ü 	 ü 4 � � 0� �� K � � � k� � ü 4 � � k� ü � � � 0� �
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which is in
e%fFg m y k .

As before
! � e%fFg O y k ªVm , andwe now computethesymbolof

!
at Â . Let the

vector ��È z 	 z s O y ªVÉ k ªVmËÊ be the principal symbolof
!

at � � �º) . From (2.3), (2.7)
and(2.8)wehave�
³ $ ¤ 4 $ � È O � Ä�ü ªVm � � ´ � � m 	 )) ´ � � m 	 � _¨Ä � ü ªVm � ´ � � � 	 )) ´ � � � 	 �
and �9³ $ ¤ 4 $ � È ªVm _B�1Ä � I 	 È O � Ä«�1Ä � I 	 ü ªVm � � ´ �1¸ m 	 )) ´ �1¸ � 	 � .
In general,È ª z � � Ä�Ì�1Ä ��½E� I 	 Ì ³ z $ ¤ 4 $ z � � ü ªVm � � ´ �1¸ m 	 )) ´ �1¸ m 	 � _ ü ªVm �³ $ ¤ 4 $ � � ´ � � m 	 )) ´ � � m 	 �_ � ü ªVm³ $ ¤ 4 $ � � ´ � � � 	 )) ´ � � � 	 � �
andin particular, computingÈ ªVÉ k ªVmËÊ we obtaintheexpressionin thestatementof
theproposition.

2.3. Proof that
�;��)

. From[7], we know that for a chiral body, theparameters
andtheir first normalderivativesaredeterminedby theadmittancemap. Suppose
that �1H + M + ^ 	 and �1H 4 + M 4 + ^ 4 	 agreeto order Ä N ³ at theboundary. We show now
that if G � G 4 , then the parametersmustagreeto order Är_úI . We fix Â in the
boundaryandwork in ourchosenboundarynormalcoordinatesnearÂ .

In orderto beableto expressG in termsof theconstructedoperatorZ , weshall
needto write 0 � and � � in termsof 0 m + 0 � + � m and � � . From (2.2) we know
that u üº: � � 0� � _àü u � � 0� � �*),.
Writing

� � ��í�î9_S� � f _ æ x�y z�� � � x � z f xïz 	 �Lä andcomputingat � � �*) , we have

��í�î9_·vxßy z
� � � x � z f x~z 	 � � m ^d0 m _®� � ^d0 � _®� � ^r0 � � � m M�� m � � � M�� � � � � M�� �� m HL0 m _®� � H�0 � _®� � HL0 � _Q� m ^d� m _Q� � ^d� � _Q� � ^d� � �(2.9)

_¶ü;��íÞî9_ vx�y z
� � � x � z f x~z 	 � � m 0 m _®� � 0 � _Q� � 0 �� m � m _Q� � � � _®� � � � � _ f ü � 0 �� � �_¶ü u � vx�y z�� � � x � z f x~z 	 : �Lä � 0� � �*),.
Makinguseof thefactthat �ÝJ¢� � $ �>� s O � Z , (2.9)canbewrittenô � 0 �� � � � � � m� � �
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where ô � ��íÞî9_ vx�y z�� � � x � z f x~z 	 �L� � � ^ � � � M� � H � � ^ � _;ü � Z �«� Z � ãZ ã � Z ã«ã � �_'� f _®� � �§vxßy z
� � � x � z f xïz 	«	 ü
and � � � ��íÞî9_ vx�y z�� � � x � z f x~z 	�� � � m ^d0 m _®� � ^d0 � � � m M�� m � � � M�� �� m HL0 m _®� � H�0 � _®� m ^d� m _®� � ^d� � �_¶ü � ��� m _QZ � m 	 0 m _*��� � _QZ � � 	 0 � _`Z � á � m _QZ � â � �Z ã m 0 m _QZ ã � 0 � _B��� m _®Z ãÞá 	 � m _B��� � _QZ ã«â 	 � � ���� ü ����� m æ x�y z
� � � x � z f x~z 	 0 m _B��� � æ x�y z�� � � x � z f xïz 	 0 ���� m æ x�y z�� � � x � z f xïz 	 � m _B��� � æ x�y z�� � � x � z f xïz 	 � � � .
Wesimilarly have expressionsfor ô 4 and

� 4 .
We now considertheadmittancemap G . In factwe areconsideringtheadmit-

tancemaptogetherwith its inverse(whenrestrictedto
� � ��Div ��� �
	 ) resultingin

the �S6�� systembelow whichweshallcontinueto referto as G . By (2.1)and(1.5)
thismapis

Ï���Ð
0 �� 0 m� �� � m
Ñ����Ò ëëëëëëëëë �>� s O

�ì �òC Ï���������Ð
I� K�M ��� � 0 m � � m 0 � 	I� K�M ��� � 0 � � � � 0 � 	� I� K�H ��� � � m � � m � � 	� I� K�H ��� � � � � � � � � 	

Ñ����������Ò
ëëëëëëëëëëëëëëë �>� s O

_ Ï����������Ð

^ M 0 �� ^ M 0 m� ^ H � �^ H � m

Ñ�����������Ò
ëëëëëëëëëëëëëëëë �>� s O

(2.10)

plustermswith coefficientsvanishingat � m � � � �*) ; sinceweshallbecomputing
thesymbolof G 4 � G , wedo notneedto considersuchtermsby lemma1.6.

Let õ besuchthat õàô � íÞî modulosmoothing(andsimilarly defineõ 4 ). Note
that theprincipal symbolsof õ and õù4 at Â areboth equalto

� $ ¤ 4 $ ªVm� ü ªVm sinceü � ü 4 and ü ªVm � ��ü 4 	 ªVm there.Then� � 0 m � � m 0 � _ � K�^r0 � � Z m«m 0 m _QZ m � 0 � _QZ m á � m _QZ m â � �_B�lZ m � � � m 	 �1õ �/	 m _QZ m ã �1õ �/	 � _ � K�^d0 �
andsimilarly, in termsof thesecondbody,� � 0 m � � m 0 � _ � K�^d0 � � �lZ m«m _ ! m«m 	 0 m _B�lZ m � _ ! m � 	 0 �_3�lZ m á _ ! m á 	 � m _B�lZ m â _ ! m â 	 � �_º�lZ m � _ ! m � � � m 	 �1õ 4 � 4 	 m _º�lZ m ã _ ! m ã 	 �1õ 4 � 4 	 � _ � K�^d0 � .
Here �1õ �/	 z is the

½ c�ê componentof thevector �1õ �/	 , andsimilarly for �1õ 4 � 4 	 z .
Lookingatthedifferenceof thesetwo, thefirstcomponentof theimageof �10 � +>� 0 m + � � +>� � m 	 4
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underG 4 � G (times
� K�M ) is! m«m 0 m _ ! m � 0 � _ ! m á � m _ ! m â � � _F�lZ m � _ ! m � � � m 	 �1õ 4 � 4 	 m � �lZ m � � � m 	 �1õ �/	 m_B�lZ m ã _ ! m ã 	 �1õ 4 � 4 	 � � Z m ã �1õ �/	 ��B! m«m 0 m _ ! m � 0 � _ ! m á � m _ ! m â � � _ ! m � �1õ 4 � 4 	 m _ ! m ã �1õ 4 � 4 	 �_QZ m � �1õ 4 � 4 � õ �/	 m _QZ m ã �1õ 4 � 4 � õ �/	 �_®� m ¥ �1õ � õ 4 	�� ¦ m � � m ¥ õ 4 � � 4 �8�/	 ¦ m .

Now modulosmoothing,õ � õ 4 � õ¨�Ëô 4 � ô 	 õ 4 � õ®��í�î
_ vx�y z
� � � x � z f x~z 	 ü 4 � ! �«� ! � ã! ã � ! ã«ã � õ 4
(recall thatwe computeat � � �·) ). Thusif ¼ �w� �1Ä � I 	 , actingon thevector�10 � +>� 0 m + � � +>� � m 	 4 , theprincipalsymbolof �1õ � õù4 	�� at thepoint Â is´ói ªVm �«�1õ � õ 4 	��/	�� � I$ ¤ 4 $ �� � ´ói � ! �«� 	 ´ói � ! � ã 	´ i � ! ã � 	 ´ i � ! ã«ã 	 � � � ¤ � ��� ¤ m ) )) ) � ¤ � ��� ¤ m � .
Next, � 4 �8����� ü � ! � m 0 m _ ! � � 0 � _ ! � á � m _ ! � â � �! ã m 0 m _ ! ã � 0 � _ ! ãÞá � m _ ! ã«â � � �
whichhassymbolof order ¼ equalto zeroby proposition2.2,and´ O �1õ 4 � 4 	�� I$ ¤ 4 $ � � � ¤ � �X� ¤ m ) )) ) � ¤ � ��� ¤ m � .
We now put all theseresultstogether. Recall that the principal symbol of Z is� $ ¤ 4 $ � timestheidentity matrix,andwe have theexpressionfor È i in proposition
2.2.Thefirst row of

� K�M]�1G94 � G 	 thushasprincipalsymbolat ÂÛ x! �"  � " # ´ i � ! m � 	 _  �  �"  � " �# ´ i � ! �«� 	Y+å� ´ i � ! m«m 	µ� x$ �"  � " # ´ i � ! m � 	��  ��"  � " �# ´ i � ! �«� 	Y+x! �"  � " # ´"i � ! m ã 	 _  �  �"  � " �# ´ói � ! � ã 	Y+ � ´"i � ! m á 	µ� x! �"  � " # ´ói � ! m ã 	��  ��"  � " �# ´"i � ! � ã 	 Ü� � ÄËÌ³ k $ ¤ 4 $ k ± m� �1H>MF_;^ � 	 Û � ¤ m ¤ � ��^ Å
	 _¨H Å¯Ç 	Y+å� ¤ �� ��^ Å
	 _®H Å¯Ç 	Y+� ¤ m ¤ � ��M Å�	 � ^ Å>Ç 	Y+ � ¤ �� ��M Å�	 � ^ Å>Ç 	 Ü .
Computingthe principal symbolat Â of the remainingrows of G 4 � G � ) and
usingproposition2.2,we find thatin fact)E� � Ä�Ì³ k $ ¤ 4 $ k ± m� Ï�Ð I� K�M )) � I� K�H

Ñ��Ò � ü ªVm Ï��Ð �
� ¤ m ¤ � � ¤ ��¤ �m ¤ m ¤ � � )) � � ¤ m ¤ � � ¤ ��¤ �m ¤ m ¤ � �

Ñ���Ò .



TOTAL DETERMINATION OF MATERIAL PARAMETERS 21

Evaluating,for example,at ¤ m � I + ¤ � �*) , we obtain

Ï�Ð IM )) � IH
Ñ��Ò � ü ªVm �B)

andso
���[)

asdesired.
Weremarkthatonecouldalsoarguethatthevaluesof Å�	 + Å¯Ç areobtainablefrom

thefirst row andit thereforefollows by symmetrythatthevalueof Å
% is deducible
from thethird row andhencethatall threevaluesaredetermined.
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