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In optical tomography one seeks to use near-infrared light to determine the optical
absorption and scattering properties of a medium X C R". If the refractive index is
constant throughout the medium, the steady-state case is modeled by the stationary
linear transport equation in terms of the Euclidean metric. In this work we consider
the case of variable refractive index where the dynamics are modeled by writing the
transport equation in terms of a Riemannian metric; in the absence of interaction,
photons follow the geodesics of this metric. In particular we study the problem
where our measurements allow the application of an in-going flux depending on
both position and direction, but we allow only a weighted average measurement
of the out-going flux. We show that making measurements on all of 0X determines
the extinction coefficient and that once this is known, under additional assumptions,
measurements at a single point on 0X determine the scattering kernel.
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Riemannian metric; Transport equation.
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1. Introduction

Linear transport equations model, among other things, the propagation of the
energy density of waves in heterogeneous media [2, 5, 19, 24], neutrons in nuclear
reactors [15], and near-infrared photons in tissue. Recently, photon propagation has
been applied in optical tomography for use in medical imaging [1, 18]. In the absence
of scattering, propagation is usually assumed to be along straight lines, as would be
the case for light propagation in a medium with constant index of refraction. This
amounts to writing the transport equation in terms of the Euclidean metric. Here
we consider the situation where, in the absence of scattering, propagation is along
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geodesics of a Riemannian metric. We consider this a model for optical tomography
in a medium with continuously varying refractive index. When prescribed in-
going, and measured out-going, fluxes are allowed to depend on both position
and direction (in other words, measurements are fully “angularly resolved”), the
problem of optical tomography in the Euclidean setting has been well studied; the
results most closely related to the present article are those in [6], [7] and [22]. The
Riemannian case is considered in [13] and [14]. Such measurements are, however,
unrealistic since angular resolution of out-going flux is difficult to achieve. In [12],
Langmore introduces an angularly averaged measurement operator ./ and proves
that angularly averaged measurements taken at every point on the boundary of
the medium enables reconstruction of the extinction coefficient ¢; once ¢ is known,
measurements made at a single boundary point allow unique determination of the
scattering kernel under some additional assumptions. In particular, it is assumed
that scattering is supported inside of X, the scattering phase function is known, and
the scattering kernel is small. It is also assumed that ¢ and the phase function are
“close to” real-analytic. Here we consider the same averaged measurement operator
in the case of the transport equation in terms of a Riemannian metric and obtain
in this setting results analogous to those of [12].

Let X C IR"” be an open bounded set with smooth boundary 0X and let g be
a smooth Riemannian metric on X. We shall make geometric assumptions on
the Riemannian manifold (X, g) in due course. If u(x, v) represents the density of
particles at position x with velocity v in the unit tangent sphere at x, Q X, then the
stationary linear transport equation is

Tu(x, v) = —Du(x, v) — o(x, v)u(x, v) +/Q k(x, v, v)u(x, v)dv = 0. €))

The operator & is the derivative along the geodesic flow (see (2) below) which in the
case of g being Euclidean is simply Zu(x, v) = v- V,u(x, v). The measure dv’ is the
volume form on ), X induced from the Euclidean volume form on 7,X determined
by g at x; here T, X is the full tangent space to X at x.

The case of a Euclidean metric corresponds to transport in material with a
constant index of refraction. Though this is easier to study, in practice it is always
an approximation. For example, in [3] a transport equation is derived as a limiting
case of Maxwell’s equations with non-constant (yet isotropic) permeability. The
result is an inhomogeneous wave-speed ¢ = c¢(x), and hence c/c, :=n = n(x) is
variable as well. Here ¢, is the speed of light in a vacuum, and n is the refractive
index. Examination of this result shows that our model (1) with conformally
Euclidean metric g;;(x) = ¢; 2n(x)%0; ; correctly describes energy density propagation
in this isotropic material. This is seen by noting that (in [3]) the solution to the
transport equation follows (in the absence of scattering) bicharacteristics of the
Hamiltonian w(x, k) = c¢(x)|k|. Here, the wave-number k is the dual variable to x.
As is well known, the Hamiltonian H(x, k) := w(x, k)* = c¢(x)?|k|* defines identical
trajectories. The physical space projections, x(¢), are then geodesics of the metric
8 = %5, ;» and travel with speed n(x)/cy = c(x). See e.g. [23]. We thus arrive at g;; =
c 2n25,-j as the proper metric for transport in this case. It is not possible to state
a general correspondence between refractive index in wave equations and metrics
in limiting transport equations. For example, transport limits for dispersive wave
equations can lead to trajectories turning around and re-tracing their path. We also
mention that the model (1) appears in this form in [21].
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Define the “incoming” and “outgoing” bundles
Il ={(x,v) : x € 0X, and =£ (v,v,) > 0}

where v, is the unit outer normal vector to the boundary 0X at x and (-, -) is the
inner product, each with respect to g at x.

Given an incoming flux of particles u_ defined on I'_, let u be the solution,
should it exist, to Tu =0 with the boundary condition u|r =u_. The albedo

operator is defined to be f : u_ u|F . Determination of ¢ and k from knowledge
of ol is the subject of [4, 7, 22, 23] in the Euclidean setting, and of [13] and [14] in the
Riemannian setting. Here we consider the problem with less information. Instead
of knowing the angularly resolved measurement u(x, v) on I', we will assume only
knowledge of an average over outgoing directions of u at x € 0X. To be more
precise, for x € 0X, define

QX ={weQ.X:+(v,v,) >0}

(and so I', are the disjoint unions of the QFX over x € 0X). We will also use the
somewhat unconventional notation

QX :={(x,v,w):xe X, v,we Q X}

We shall denote by T-! the solution operator to the boundary value problem Tu =0,
ulp =u_, thatis, u =T"u_.

Definition 1.1. The data of which we will be assuming knowledge consists of
angularly averaged measurements on 0X, weighted with respect to a prescribed
function m(x,v). Specifically, given u. on I'_ and u=T"'u_ we define
M LN(T_, du) — L'(0X) by (the mapping properties will be verified later)

Mu_(x) := / u(x, v)ym(x, v)dv.
afx

We require that m € L*(I",), that m does not vanish on I'_, and that [m(x, v)/(v, v,)|
be bounded on I, .

The function m corresponds to the limitations of the measurement apparatus.
It may represent a limited aperture or, for example, when m(x, v) = (v, v,), the
measurement is power flux exiting the boundary.

When the ambient metric is Euclidean, this problem was introduced and studied
in [12] where an analysis of a singular decomposition of the Schwarz kernel of
(into an infinite series) is performed. From the most singular term, corresponding
to the ballistic particles which do not scatter, the extinction coefficient o(x) is
recovered. To recover k, additional assumptions (on ¢, m and k) are made that
allow one to view the term linear in k as a weighted X-ray transform and apply
results from [10] to show injectivity of this map. Under a smallness assumption on %,
injectivity of the full nonlinear map (as well as stability) is then proved. The precise
formulation is very similar to what will be presented in the present article where we
obtain analogous results when the background metric is Riemannian.
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Here we state our basic assumptions on the coefficients in (1). We assume
o depends only on position. This slightly restrictive (but physically realistic)
assumption on ¢ is necessary: If k = 0, and g is Euclidean, then this problem reduces
to the usual X-ray transform. One can then show that if ¢ depends on the direction
v (as opposed to |v|), no boundary measurement can uniquely determine o (see the
introduction of [7]). The “monochromatic” assumption |v|, = 1 greatly simplifies
the problem, and is commonly used. We will also assume that 0 < ¢ € L*(X), k €
L>(Q?X) are bounded functions. Solution to the forward problem also requires
some sort of bound on energy production (and therefore k), which is sometimes
given in relation to o, [8, 20]. Here we assume ||k|,~ < (|S""!|diam(X))~'. Unique
recovery of the scattering kernel requires the assumption that it takes the form
k(x)O(x, v, v) for some known function O (this is not assumed for recovery of
o). This assumption is reasonable (and quite common) and ® can model the
known underlying scattering process, whereas k models the density of scattering
objects. Both of our main results require additional smallness assumptions on k.
Our uniqueness theorem for k requires that m, o, ® and g are all close to real
analytic. These last two assumptions will be made precise in the statements of
Theorems 2.1 and 2.2.

Remark. The scattering term k(x, v, v) in (1) is proportional to the probability of
a particle with position x and velocity v' € QX being scattered to velocity ve Q X.
The total extinction term o(x)u(x, v) accounts for loss of energy in direction v due to
absorption at position x as well as scattering into other directions. The latter is given
by u(x, v) f k(x,v,v")dv’. Since o and k are separated mathematically, we treat
them as independent functions in this paper, but keep in mind the following caveat:
In the physical setup, assumptions made about ¢ imply assumptions about k& and
vice versa.

We must also place restrictions on the geometry of (X, g). Recovery of both
o and k relies on injectivity of the (weighted) geodesic X-ray transform. It is for this
reason that we assume the metric is “simple”:

Assumption 1.1. (X, g) is simple: X is strictly convex, and for any x € X the
exponential map exp, : exp;!(X) — X is a diffeomorphism (and consequently X is
diffeomorphic to a ball).

To state the precise results it is necessary to introduce the volume forms on
Q. X and I'.. On X we have the naturally defined volume form of the metric.
At any x € X, the volume form dv on X is the form induced from the Euclidean
volume on 7,X defined by the metric g at x. The resulting form on QX is
the Liouville form and is preserved under the geodesic flow of g. We denote
by dp the induced volume form on I'y, which has the property that drdu(x’, v')
is the pull-back of the Liouville form by the geodesic flow. Equivalently, we have
the induced volume form of 0X included in X; if x’ are local coordinates for 6X and
dx’ is this volume form on ¢X, then it holds that

du(x',v") = |{V, v, )|dv dx'.

When not explicitly stated otherwise, measures on (for example) dX and X will be
the volume forms defined by the metric g. Thus we shall write, for example, L'(3X)
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and L'(X) without further reference to the measures on these spaces. Similarly, for
example, L'(QX) is with respect to the Liouville form, and L'(T,) is with respect
to du.

The rest of the paper is organized as follows. In Section 2 we give our main
results on the unique determination of total cross section ¢ and scattering k.
In Section 3 our notation for the forward problem is introduced. In Section 4,
standard results for the albedo operator are recounted, and new results for the
averaged albedo operator are obtained as a result. Here we also see how geometric
considerations involving curvature play a role. In Section 5 a proof of the unique
determination of the extinction coefficient is given. In Section 6 the same is done
for the scattering kernel.

2. Statement of the Main Results
If # c I'_, then by I'(#) we mean the set of geodesics with initial data in #:
L) = {pw (@ (X V) e, 0 <t <t (X, V)}

In Lemma 4.2 we define two constants C,, and C, ~which reflect bounds on the
possible size of Jacobi fields.

Theorem 2.1 (Recovery of ¢). Suppose that

|Ik|| ~ < min{ [(C., C,CM)"‘ldiam x|s"!

17!, [diam X|S"'(]7'},

and that #, C I'_ is open and such that the geodesic X-ray transform restricted to
I'(#,) is injective. Suppose that ¢ = o(x) depends on position only. Then o is uniquely
determined by {(u_, Mu_) : u_ € L'(#,)}.

Fixing D > 0 and making the definition
FP = {k € L*(X) : dist(supp(k), 0X) > D, ||k||,~ < &}
we also have the following uniqueness result for k.

Theorem 2.2 (Recovery of k). Suppose the scattering kernel has the form
k(x)O(x, V', v), with (g, m, o, ®) known and real analytic, and with both m and ©
non-vanishing. Let #, C I'_ be open, and assume that for every (x,v) € TX\{0},
there exists y € I(#,) through x and normal to v at x. Then there exits ¢ sufficiently
small such that for a.e. x € 0X, knowledge of {(u_, Mu_(x)) : u_ € L'(#,)} uniquely
determines k within the class FP.

Furthermore, & may be chosen such that this result holds in some C* neighborhood
of (m, ¢), and some C>" neighborhood of (0, g).
Remark. For Theorem 2.2 to hold, we at least require & < [||®|| ~diam X|S""' |]71.
As mentioned earlier, the Schwarz kernel term linear in k is a weighted X-ray
transform. To “invert” the transform, one uses the open mapping theorem.
This results in a constant (and therefore a smallness requirement on ¢) that cannot
be calculated explicitly. We take £ small enough to meet both of these requirements.
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Since real analytic functions are dense, we have a uniqueness result for an open and
dense set of (m, g, g, ®), where it is still required that g be a simple metric.

3. The Forward Problem

Given (x,v) € QX we denote by y,(-) the geodesic uniquely determined by
V) (0) = X, 71, (0) = v. We will use the shorthand notation

T () = Gy (0 Ty (D).
Define the “distance to boundary” functions
T, (x, v) = minf{r > 0: y, ,,(£1) € 0X}.

Since (X, g) is simple, these functions are well-defined and finite. The operator & in
(1) is the derivative along the geodesic flow and is defined by

0
D, v) = | w0 o ) )

If (x, '), are local coordinates for 0X with the (y') with respect to the natural
basis (%) then in these coordinates

of . f e
Gf = —Hy' —(—=v/ VT
=5 +5y,.( yyry)

where F}k are the Christoffel symbols of the Levi-Civita connection of g.

Given two points x, y € X there is a unique geodesic from x to y; let d(x, y) =
d,(x,y) be the geodesic distance between x and y and let v(x,y) be the tangent
vector to this geodesic at x. Define

d(x.y)
E(-x’ }7) = exp{_/(; O-(y(x,v(x,y))(t))dt} .
Note, using the fact 7, ) (d(¥, X) = 5) = V(1.4(x,y) (5) We have

E(x,y) = E(y, x).

We define the following operators which arise naturally from (1). When k = 0, the
solution operator to Tu = 0, “Ir, =u_1s

Ju_(x,v) := E(?@ V(x,v)(—f—(xa U)))M—(?(x,u)(—f—(x, U)))

Define
T,f(x,v) :== /Q . k(x, v, v) f(x, v)dv

and

7_(x,v)

KfOv) o= [ B g (= T D) TS (e (0 = - (5 0) e
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7_(x,v)
= /(.) E()C, '))(X’U)(t - Tf(xv v)))

x | K (e (1 = (2 0)), 0 G (1 — 7_(x, 1))

QX

X [Py (t — T_(x,0)), V) dV' dt.

The solution to the boundary value problem Tu =0, u|. = u_ then satisfies the

integral equation

r
(I —Ku=Ju_. 3)

4. The Averaged Albedo Operator

The goal of this section is to establish Theorem 4.1 where we show that the
averaged albedo operator 4 can be expressed as the infinite sum of the operators
M; (see Definition 4.1), and where we give expressions for the Schwartz kernel of ./,
i > 1. We first present a series expansion for the albedo operator s/ (see Lemma 4.1)
for boundary fluxes u_ € L'(I"_, du) which is developed in [13]. The definition of the
measure on I makes immediate the following lemma which facilitates a useful and
repeatedly used change of variables in integration.

Lemma 4.1 (Change of Variables). If u € L'(QX) then
[ [ utcvdoax=[ [ e Uy (D) Py (D)t dp(x', V).
xJa.x r. Jo ’ ’

For (x,v) € QX define t(x,v) :=1_(x,v) +1,(x,v). It is shown in [13] that if
k]l = 02x) < (IS"~'|diam X)~' then I — K is invertible on L'(QX, t~'dvdx), and so
(3) is invertible on this space. The following proposition is also proven in [13].

Proposition 4.1.  Let k satisfy [k ~2x) < (IS"~!|diam X)fl. The albedo operator
st: LT, du) — LY(T,, du) is continuous and has the expansion

>

stu_(x,v) = (T"'u)|. =Y K'Ju_(x,v)
=0 L

the series converging in L'(T',, dp).

In order to simplify the presentation of what follows, we introduce some
notation. If x,, ..., x; are points in X, then

-1
E(xy, X3, ..., X;) = E(x), X)) E(xy, X3) ... E(x;_, ;) = H E(x;, X;p1). 4)

i=1

If ye X, consider z=z,(t,v) =7,(#) defined from the “polar” coordinates
(1,v) eR x Q X. Let J (z) denote the Jacobian determinant |det dz/d(z, v)|~" of this
change of variables. For a given z, let (¢, v) be its polar coordinate expression, and

let {v', ..., v"} be an orthonormal basis for T,X with v! = v. Let Y, .. be the Jacobi
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field along 7y, (-) with initial data Y, _,(0) =0, Y =1, 2 <i<n. Then J(z) is
given by the expression (see [17])

J,(2) = 1_[| ei(d(, 27 )

The notation is chosen to remind the reader that J, comes from geodesic polar
coordinates based at y. We will frequently need products of such change of volume
elements and so introduce the notation

j
FOu ) =14, 01m0)- (6)
i=2
We point out that in the case of g being Euclidean, J, and ¥ take the simple forms
LD = and ey =[]
(2) =, Visoor Vi) = | ———.
: ly— 2! : L =yl

Lemma 4.2. With J,(z) defined as above, there exists a constant C, , such that for all
v, z€X

7 € 7
)= G @

Further, there exists a constant C,. such that if Y is any Jacobi field along a geodesic
y(t) with ¥(0) = 0 and Y (0) € 7(0) C Q, X, then

M<C (8)

for all 0 <t < 7,(y(0), 7(0)).

Remark. As the Euclidean expression for J, would suggest, J,(x) has a (weak)
singularity for x near y. There is another 51gu1ar1ty that could p0351bly occur due to
curvature. Specifically, geodesics starting at y can “focus” near a point x. This means
that the integral over directions carries a strong influence from a neighborhood
of this point. Simplicity of (X, g) however ensures that this focus never causes a
singularity. The notation C,  is suggestive of the fact that the size of this constant
depends on the maximal sectional curvature of (X, g).

Proof. Let Y; be a Jacobi field of the form described in the second part of the
lemma. Let k), be an upper bound for the sectional curvature of (X, g), the existence
of which is guaranteed by compactness of X. Then Rauch comparison gives

;aﬁmwmﬂ»mx -
|Y:(d(y, 2))| = {d(y, 2). Ky =0,

1
sinh(/—1x,d(y, z)), 1, <O0.
=, M M
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First suppose that «,, > 0; if d(y,z) <n/(2,/%)) then sin(\/x,d) > 2,/K,d/n
and so

Y )] = 2d(r. ).

Simplicity of (X, g) guarantees the absence of conjugate points and so Jacobi
fields Y;(d) of the form considered here cannot vanish for d > 0, and in particular
for d > n/(2,/xy), and so by compactness |Y;(d(y,z))| > Cd(y,z). If x), <0
then sinh(,/=xd(y,z)) > /=K d(y, z). Given the expression (5) for J (z), these
estimates yield (7).

For (8), let k, be a lower bound for the sectional curvature of (X, g).
Theorem 4.5.2 of [11] gives

1
M Sin(\/ Kmt)’ Km > 0’
Yl = 91, Ky =0,
= sinh(\/—=x,t), x, <0
which, as above, in turn implies (8). O

Definition 4.1. For each i > 0 we define the operator J; by

Mu_(x) = /mx K'Ju_(x, v)m(x, v)dv.

Theorem 4.1.  Let k|| =2y < (IS"'|diam X) ™. Then i, 0 : L'(T_, d) — L'(9X)
continuously, and for almost every x € 0X, M has the expansion

Mu_(x) = i/%ju,(x) = i[ o (2, X, V) u_ (X, v)du(x', V')
j=0 j=0"1-

where oy(x, -, ) is a distribution supported on a manifold of dimension n — 1, and for
J =1, a;(x, x', V') are the following Schwartz kernels: when j =1,

T, (¥,) N _ , R
OCI()C, X/, U/) = A k(V(x’,v’)(t)’ wl)E(x s V(x’,v’)(t)’ x)m(x, wl)Jx(y(x’,U’)(t))dt (9)

where w, W, are the initial and final tangent vectors of the geodesic from ), (1) to x,
and E and J, are defined in (4), and (5); for j > 2,

T, (¥ 0) ~ J R _
gy ) = [ [ [k 0, @) TG o, )
0 X X i
X E(X', y 0y (D)5 Y25 oo o5 ¥jo X) Fm(x, w))dy; . .. dy, dt (10)

where:

® w,, W, are the initial and final tangent vectors of the geodesic joining ), (1)
to y,,
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e W, w; are the initial and final tangent vectors of the geodesic joining y; to y;,
fori=2,...,j—1,

° wj,d w; are the initial and final tangent vectors of the geodesic joining y; to x,
an

o f= f(?(x',u')(t)v Yas oo Vjo x).

Proof. Firstsuppose u_ is non-negative. Then since K and J preserve non-negativity,

|m(x, v)|
0\l oxy < N Mu_ | oy </ / [stu_(x, v)| 77— o] [{v, v,)|dvdx
m(x, v)
: ETR B,
H |<v’ V’C>| Le(I,) LY(Iy.dp)

We obtain the same bound on general u_ by decomposing u_ = ut — u”. So by
Proposition 4.1, J,, 4 : L'(T"_, du) — L'(0X) continuously.
Next by Lemma 4.1,

Mu_(x) := /W stu_(x, v)m(x, v)dv = /m inJu_(x, v)m(x, v)dv.
+x X5

Now
o o m
ZK’Ju_m = ZKJJM R R——
=0 LI(T, .dv, dx) (v, v, LU, . dp)
m(x v)
[stu_l, .,
H [(v, v,)] e Ty odp)

and so for almost every x € 0X, Y72 K/Ju_(x, )m(x, ) € L'(QfX). Again, since
K and J preserve non-negativity, we may use monotone convergence to interchange
the integration with the summation in the above to obtain

Mu_(x) = i/+ K/ Ju_(x, v)m(x, v)dv = i/%ju_(x).
j=0"0xX j=0

For each j, let o;(x, x', v') € /(0X x I'_) be the Schwarz kernel of ./;. When j = 0,
for fixed x € 0X, oy(x, x, V') is a singular distribution. To see this, let F = {(x/, V') €
Iyt (¥, V) = x}, let U C F be open in F, and let u, be a sequence of smooth
functions on I'_ such that u, |U = 1land u, — y, as n — oo (in C° norm), where ¥, is
the characteristic function of U. Note that F is an n — 1 dimensional sub-manifold
lying in the 2n — 2 dimensional I'_. Then

/ oo (x, X', v )u, (X', v)du = / Ju, (x, v)m(x, v)dv
r_ afx

= |, E(x 7 (=7 (6, 0))) i, (Fe (7 (3, v)))m(x, v)dv

ofx

> / E(x, 9y (—7_(x, v)))m(x, v)dv
{(veQT X ) (7 (x.0) eV}

£0
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for every n. Now u, — 0 in every L?(I"_), 1 < p < oo and so o, ¢ L?(I"_) for every
such p. The above also shows that the support of «,(x, -, -) is at least F; further,
if ¢ € C2(I'_) is such that supp ¢ N F = @ then, as above,

/ oo (x, X', V)o(x', v)du =0
r

and so supp o,(x, -, -) = F.
We now derive the expressions (9) and (10). When j =1, let ¢_ be a function
on I'_. We have

g () = [ KIp_(x,v)dv

) 7_(x,v)
- /Q o /0 E(x, 70y (t = 7_(x, 0)) T} Jp_
X (Ve (t = 1_(x, v))dt m(x, v)dv
7_(x,v)
e T )
[ KO B E (= T (5 0). G (02 )
X ¢_(Vy.a)(=7_ (v, W) dW dt m(x, v)dv

where (y, ;) = Yy (t = 7_(x, v))

- /;( -/n‘x E(x, > V(y‘lb)(_f_(y’ ﬁ))))k(y, w, )¢ (?(),’,;,)(—‘L'_(y, ﬁj)))dﬁ}
x m(x, wy)J, (y)dy

where w,, W, are the initial and final tangent vectors (respectively) of the geodesic
from y to x,

T (xX,0) . B , R
= [ [ ke (0. BOER i (0, Dm(x ) (e (0)ds
x ¢_(x', v)du(x', v').
This proves (9).
For brevity of exposition, we shall cease to write out the arguments of the

functions E writing simply E(-) (recall also the convention (4)). Toward deriving
the result for j = 2, we first compute

T\KJp_(y,, w,)

T (y2, 1)
= [ kGad) [ EOT I (G (= 702 ), diy
2

T_(y2,W1)
= / k(y,, Wy, wz)/ / k(yy, w, wy)
QX 0 Q, X

Y1

X E(‘)d’—@(yl,w)(_ t_(y, w))d dt, dw,
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where (y;, ;) = 7,4, (t1 — T (¥2, W}))
= [ [ EOKGz. i k(. . ) (G (—2 O )i, (1)l
Y1
Now,
T_(x,v) _
g ()= [ [ EOTKIG (33, w)diy m(x, v)dv
where (y,, w,) = ?(x,u)(tz —1_(x,v)),

= [ EOTKIG (32, )0, (m)m(, i)y,
- [X /X /Q EQk (. o Bk 0, )¢ (T (7 (1 D)
X J,, i, (v)m(x, )y,

() ) _ o
=[] | EOkG e (0 kG i ) 5 G (0 322 2)

x m(x, Wy)dy, dt p_(x', v')du(x', V).

This proves (10) for j = 2.
An inductive argument on j first shows that

J
T,K I _(y;, ;) = / e / f EQKGy i) [Tk . )
Al i=2
X ¢—(§(yl,w)(_f—(Y1» &))))5(%’ cees Y;’)dﬁ) dy,...dy;,

where w;,, w; are the initial and final tangent vectors of the geodesic joining y; to

yiy1 fori=1,...,j—1, and where ¥ is as in (6). Combining this with an inductive
argument based on the above proof of (10) when j = 2 yields (10) for arbitrary j > 2.
(]

5. Recovering the Extinction Coefficient

We recall some definitions relevant to this section. The open set #, C I'_ is such
that the geodesic X-ray transform restricted to the set of geodesics with initial data
in #, is injective. The notation indicates that this is the subset of geodesics which
is used in the recovery of the extinction coefficient o. The weight function m is
assumed to be non-zero on I',, and m € L'(#,). The main result of this section is
Theorem 5.1 which shows that, due to the singular nature of o,, we can use an
approximate identity as our prescribed flux to obtain the extinction coefficient in
a limiting process. The key estimate used in the proof of Theorem 5.1 is that of
Proposition 5.1 which enables us to show that the contribution due to «; for j > 1
tends to zero.
LetO0<u<landset p=(n—pw/(n—1),g=(1-1/p)".
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Lemma 5.1. It holds that d(x, )"~ e LP(X) with

cyr. (11)

1
d(X, _)n—l

Lr(x)

Proof. We compute

1 1 7 (x,0) 1
———dy=| ———dy= —J A Vdedv
/X d(x, y)=br Y /x d(x, y)r—n Y /QXX/() H 0 (1) v
74 (1,0)
n—1 u—1 ’
< (C,Cm) /QXX/O ' dtdv < Cy,  say,
by (8). O
Definition 5.1. Let I be the operator with kernel d(x, -)"~!, that is

£(y)

Tf(x) = e dCx yy—T

dy.
Lemma 5.1 (the proof is valid also when p = 1) shows that I : L?(X) — L?(X)
continuously, 1 < p <oo with [|[T| <(C, )" '|S" !|diam X (see [23], Prop. 5.1,

Appendix A). _
We also define the analogous operator 7,

T f(x) = / FO), (x)dy. (12)

Since
74 (x,0)
/Jy(x)dy:/ / dt dv < |S""|diam X, (13)
b'e Q,x 70

T LP(X) > L*(X), 1 < p < oo, with |T|| < |S"!|diam X.

Proposition 5.1. Let p=m—u/(n—1), O<u<l, q=0-1/p)7', and
1]l .~ 2x) < [(C, Cy,)" " diam X|S"~ |]_1, where C,, C.  are as defined in
Lemma 4.2. Then for almost every x € 0X,

Ky

< Collf llaqr_.ap (14)

Z/ o (2, X', V) f(X, V) dpu(x ')
=T

where Cy > 0 depends on «,,, Ky, [[k|l=@2x) [Imll=x) and diam X.

Proof. When j =1,

VF oy (x, X', V) f(X, v)dup(x', V')

I+(x,’v,) — - A / / / /
L kG @ BECm e ) Gy (0)de (o) dp(x v)




Stephen] At: 16:10 4 Decenber 2008

Downl oaded By: [ MDowal |,

Optical Tomography 2193

?(y,u)(_l()% U)))|
d(x, y)!

< el mtic,) [ Y ( dvdy by (7)

1
- 1 »
< @ Ml ([ e doay)

1
X (/! |f Gy (-, 0)) [* dv dy) ' by Hoélder’s inequality

X
< (Co,)" Ikl llmll o |S" 11V Cy/ (diam X) V|| fllpor_ay Y (11)
= Cllkllmllo(diam X) | f | Lo as sy

The terms for j > 2 are slightly different from the above; first when j = 2,

’ /r o, (x, ¥, V) Fx, V) du(x', o)

T, (x,0)
L[ [ EORO MO, G )02t fx' )l )

_ f(? (=7_(y> Ul)))|
< CK 2n—-2 . k 2 | (y1-v1) dv, dv. d
e L Y A B e T o e R

= Co PPl f [ 1F Gl (7 Or )T R O)dwr dy

where h(y,) = d(y,, x)' ",

1
< (€ il E ( f, 1GTHODI o an)

q
X (/QXV(V(yl,v])(_T(yl’ v)))|* dv, dyl) by Holder’s inequality,

< (Co, V"2l IKIZIS™ PN T Bl oy (diam X) YN Fll o g
n— n— n— n— : 1
< (Co, )" mll kLIS 17 (C,, ) S (diam X) ¢,

x (diam X) (| £ | cocr_ap

by (11). Finally, for any j > 2,

[ st D 0.
I

/R/OH(X'”/)/X.../XE(.)f“k(')jj(?)(x',v’)(f)’J’Z’ s Yo %)

x m()dy;...dy,dt f(x',v)du(x', v')

< (Ce, )" Vllmll KNI,
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|f Y& v)( T_ ()’1’U1)))|
L7 dy;...dy,dv, d
// / /Xd(y x)r! d()’h)’lﬁ)” 1 YA

= (Czc,‘,)j(nil)||m||o<>||k||f,‘o/X/(2 |f(?(y1,v1)(—f—()’1, U1)))|(Tj71h)(}’1)dv1 dy,
1

where h(y) = d(y, x)' ",

< (Co )V ml| ML IS" I T Al oy

1

X (/ﬂ |f(§(y1,v1)(_f—(yl’ Ul)))iq dv, dyl) '7

< (Co, )" Vlm LKL [(C,, )" (diam X)|$™" | ¢/
X (dlam X)l/q”f”L‘i(F Ldp)

n— n— 1
= C[IIkll(Cy, €)™ (diam X)S" 17 £l o a

where C = [C,/”(diam X)"4(C, )"~"[|m| ,||k||..]. Our smallness assumption on &
ensures that the sum converges, and we have the claim of the proposition. |

Before proceeding to Theorem 5.1 we must construct an appropriate
approximate identity to use as our in-going boundary flux. Let x € X be fixed;
Q. X is the unit sphere in 7,.X with respect to the metric g(x) on 7,X. Endow
Q,X with the metric induced from the inner product on 7, X. Fix v € X and let
exp, : 7,0, X — Q X be the exponential map for ) X based at v. If = w(w) =
exp, ! (w) let F, L)(w) be the determinant of the J acoblan of this change of variables.

Let ¢ € C*(R"!) be such that 0 < ¢ <1, ¢(0) =1, (@) =0 for |i| > g,
(g, fixed and sufficiently small), and [, @()di = 1. Define v, Q. X — R by

Note that if f: Q X — R is continuous at v then

[, fan = [ fespu@)ro () o (@rai
o JEXP0) Ty (0) = 1)

as # — 0. Now we will use such functions to construct f, € L'(T".). Fix a point
(x*,v*) e I'.. Define ¥ QOLX - R by

-1
Ven() = —— (L(“)> .
n n

x* 17

Let p € C*(R) be such that 0 <p <1, p(0) =1, and p(r) =0 for |t| > g); for
4> q — 1 define z, : X — R by

1= (220)



Stephen] At: 16:10 4 Decenber 2008

Downl oaded By: [ MDowal |,

Optical Tomography 2195

where d;y(x, y) is distance in the boundary of X. Now if we denote by P(v; x, x*)
the parallel translation of v along the geodesic (in X) joining x to x*, then we can
define ¢, , : O, X — IR by

x,n

Voo (V) = Ve, (P(v; X, x7)).

This is simply a smooth way of extending the definition of . , from Q}X to Q X
for x near x*. Finally, define f, € LY(T_) by

fn(x,’ 1)/) = Xq (y(x’,u’) (T+(X,, v/)))lpy(,\_rm/)(mr(x’,v’)),rl(’)‘)(x’,u’) (‘C+(x,, U/)))- (15)

Note that if (x*, v*) € #, then for sufficiently small », f, is supported in #,. In the
following theorem we show that 4 determines the integral of ¢ along almost every
given geodesic of (X, g) with data in #_, and hence the geodesic X-ray transform
of o, restricted to these geodesics. By definition of %, this uniquely determines the
function ¢, and proves Theorem 2.1.

Theorem 5.1. Let (o, k, m) satisfy the hypothesis of Theorem 2.1. Let f, € L' (") be
as defined in (15) above. Then for almost every (x*,v*) € #,

lin 41, () = E 3y (—7- (5 07). ) m(a, 7).

Proof. Let v* € Q%X be such that Theorem 4.1 holds at x* (this happens a.e.)
and such that (x*, v*) is in the Lebesgue set of E(y (. . (—1_(x*,v")), x*)m(x*, v*).
From Theorem 4.1 we have /(f, =377, fr_ o;f, dp. When j =0,

/r oo (x*, X', V) f, (¥, v')dp

= | E( 9 (-1 (7 0))f (e (—T (65, 0))m(x, v)dv

arx

= [ B s ) 0 0
= E (7,0 (=1 (3", 09)), XF)m(x*, v")

as 1 — 0 since (x*, v*) is in the Lebesgue set of the limiting function. It remains
to show that the rest of the series tends to zero. Changing variables (x,v) =
Yy (T (¥, v)) (it is easy to check that the volume elements are the same), we
compute

”f"l”Z"(l‘_,dﬂ) = /r |fyl(x” v’)|‘1 du = /F |fﬂ(§(x’v)(_—5_(x, v))|q du
- +
= [ [ @, 0. ) v
ox Jarx
scf [ nen.,0) dvdx

1 exp (2(v; x, ) \?
— Iy q v
—C/ax,(n(x) [Q go( , ) dvdx.

iy n=Da
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In a sufficiently small neighborhood N C dX of x*, we shall make the change of
variables (x, v) — (x, w,) where (x, v) € U,y Q,X, defined by
(x, W) = (x, exp, (P (v; x, x¥))) € 0X x R"!

where exp, : T.Q.X — Q.X. This is a smooth map and so the Jacobian
determinant is bounded on N by M, say. We thus have

1 W, \?
q X ~
Il o ap = CMLX Ly (%) /]RH W‘P <7> dw, dx

1 g gn
= CM[ X”(X)q An—l WQB(U))" dwdx

d;X(x xk)\?
- 1)/ < dx

, 1
=M n(”*l)(qfl)VOI‘?X({x € 0X 1 dyoy(x, x%) < 80'7&})

4

1
=M W‘“’H{n—l(“ﬂ < &'}

2 1
_ M,ﬁm—nf(nﬁwwf” 0
-

asn — 0 forany 4 > ¢qg— 1.
To complete the proof of the theorem, by Proposition 5.1, we have

> [ w0 | < Collfy s an = O
j=1"1-
as 1 — 0 from the above computation. ]

6. Recovering the Scattering Kernel

Throughout this section, the measurement point x will be fixed. We assume here
that the scattering kernel is less general than in the previous section. Precisely,
we assume that it is of the form k(x)®(x, v/, v), where O(x, v, v) is a-priori known.
We prove in this setting that the spatial distribution k(x) is uniquely determined by
the averaged albedo operator /(, and in fact prove that this is so from knowledge
of measurements at the single fixed measurement point x.

Definition 6.1. Given a complete Riemannian manifold (X, g) with geodesics
V) (1), and functions n: QX — R, and € C*(I'_) we may define the weighted
geodesic transform by, for f: X — IR,

T (¥,) N
L s f(x' V) = B(x', v/)fo Ty OG0y (1)d. (16)
We also have the L? adjoint, for f: I — IR,

f) = [ F (= (D) B (—o ()i o). (17)
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Under appropriate assumptions to be stated shortly, the kernel «, which
represents single scattering is a weighted X-ray transform of the unknown function
k(x). We make use of the injectivity results of [10] for such an X-ray transform
to prove unique identifiability of k. The results of [10] require a sufficiently rich
set of curves (geodesics in our case) along which the integral transform is known.
The inclusion of the factor S in definition (16) essentially serves the purpose of
restricting the transform to a (possibly proper) subset of geodesics. This is made
clearer in the following definition:

Definition 6.2. We say that I' is a regular family of curves (for the metric g) if for
any (x,v) € T*X\{0} there exists y € I' through x, normal to v, and such that 7y has
no conjugate points.

We say that § € C*(I"_) is regular if there exists a set # C {(x', v)f(x, V") # 0}
such that I'(%) is a regular family.

Note that in our setting of simplicity of (X, g), all geodesics are without
conjugate points. In dimension n = 2, one must take all geodesics of X in order
to satisfy regularity as defined in Definition 6.2; when n > 3, one may take proper
subsets of the set of all geodesics and still satisfy regularity.

The following two theorems are proven (in greater generality) in [10].

Theorem 6.1 ([10]). Let € C*(I'_) be a regular function for the real-analytic
metric g, as in Definition 6.2. Suppose that 1 : QX — R is real-analytic and non-
vanishing on U where U C U C X. Then I, s is injective on LY(U).

Theorem 6.2 ([10]). Let 5 and U be as in Theorem 6.1, and let n € C*(QX). Then we
may find a constant C such that:

(a) If 1,  is injective on L*(U), then

1 *
E||f||L2(U) < Wy gy pf i) < Cllif 2y

(b) There exists a C* neighborhood of (11, B), and a C? neighborhood of g on which the
above estimate remains true, with a uniform constant C.

_ To apply these results to our problem, we first recall that k(x)®(x, v, v') and
k(x)O(x, v, v') are two scattering kernels with k, k € FP; ie., dist(supp(k), 6X) > D
and [|k[| =) < &, and similarly for k. Let Jt, /i, and o, & be the averaged albedo
operators and Schwarz kernels associated to k and k respectively. We set Ak = k — k
and Acszocj—&j,jz 1,2,....

For an appropriately defined weight w, we have o, (x, x', v') = I, |k(x', v'). To
this end, let y € C*(X) with y = 1 on a neighborhood of {y € X : dist(y, dX) > D}.
If x; € X, let v =10(x)) € Q, X and v = v(x;) € QX be the initial and final tangent
vectors, respectively, of the geodesic joining x,; to x. Then for v, € , X define the
weight function

w(xy, vy) = O(xy, vy, I_))E(y(xl,v])(_r—(xl’ v1)), Xy, x)m(x, V) () 1 (xy)- (18)

With this definition, we see from (9) and (16) that indeed o, (x, x', v') = 1, 1k(x', V).
Assuming that the metric g is real-analytic, J, is then real-analytic; if further
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0, 0 and m are real-analytic, then w is a real-analytic, non-vanishing weight
function in {y € X : dist(y, 0X) > D}. If f € C*(I"_) is a regular function for g then
Theorems 6.1 and 6.2 give us:

Lemma 6.1. Let (m, 0, g, g) be fixed and real analytic, and suppose f € C*(I'_) is a
regular function for g. Then there exits C > 0, independent of k, k € HL such that

Akl 20 < CII;, gL Ak 1 ) (19)

with the above estimate holding in a C* neighborhood of (m,®,q), and a C*
neighborhood of g.

Proposition 6.1. Ler (m, O, g, g) be fixed and real analytic, and suppose f € C*(I"_)
is a regular function for g. Furthermore, suppose 7, C {(x', V') : B(x',v') # 0} is such
that T(#,) is a regular set of geodesics. Suppose that M = M on L'(#,, du). Then there
exists C > 0 such that for all k, k € FP

I,’;’ﬂﬁZAaj

j=2

”Ak”LZ(X) = C“I:;,/?Iw,ﬁAk”Hl(X) = CHI:;,/;ﬁA“l”Hl(X) =C

k)

HI ()

with the above estimate holding in a C* neighborhood of (m,o,®) and a C?
neighborhood of g.

Proof. The first inequality is (19); next, BI,,, = I, ; and w has been defined so that
1,1Ak = Aoy; finally, since ¢ = G, o) = &, and so / = . implies that >3, Aax; =0
which proves the final equality. a

In order to prove unique identifiability of k we proceed to prove that
Akl 2x) < €C||Ak||2(x), and so for sufficiently small & > 0, we will have Ak=0.
We begin with Proposition 6.2 which is very similar to Proposition 4 in [10].
However, to use that result here we would have to assume that (1, f;, n,, §,) were
all small.

Proposition 6.2. There is C > 0 such that for all f € L>(X) with suppfC{y €
X:d(x,0X) > D},

||1;1,/;11;72,ﬁ2f||H‘(X) < Cln, ||CZ(QX)||’12||CZ(QX)||ﬁ1ﬁ2||c2(1;)||f||L2(X)s (20)
with C depending continuously on the C* norm of g.

Proof. The proof is very similar to that of Proposition 4 in [10] and we refer
the reader there for some additional details. We will compute in a fixed global
coordinate system % = {%!,...,3"} for X. Let d={?,,...,9,} = {0z, ..., 0w} be
the naturally induced coordinates on 7, X. We define C* and H* norms with respect
to this fixed coordinate system.

We shall also need to change to coordinates in which for a fixed x € X,
Q.X is S"!. To this end, let x € X and given ve Q X and 0 <t <17 (x,v) let
$ = 3(¢, v; x) € R" be the coordinate expression for y = exp, (tv). Define w € S"!
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by = w(t,v; x) = (3 —X)/|y— x| and r = r(t,v; x) > 0 by r= |y — x|. If D(v) is
the coordinate expression of v, we define w(0, v) = v/|v|. We claim that the map
(t,v) — (r, w) is smooth, including at r = 0, and that for sufficiently small >0
it is a diffeomorphism onto its range. It is convenient (as in [10]) to define
m(t, v; x) := (¥(¢, v) — Xx)/t. Then it holds that m(0, v; x) := lim,_ , m(z, v; x) = V#£0
and expanding y in a Taylor series about r = 0 one obtains w = m/|m| and r = t|m)|
are smooth, including at 7 = 0.

We now demonstrate that at + = 0 (and hence in a neighborhood) the map is
of full rank. In coordinates, the map {ZU 0,8,;(x)0; =1} 20> w e S" !'is given by
 := G'*b where for every x, G'/?>(x) is a square root of the matrix given by the
metric. We denote by 4 % the differential of this map, and use the same notation
for the (n — 1) x (n — 1) matrix representation in a choice of coordinates. One has
0,rl,—o = |v| and 0,r|,_, = 0 so that in the (X, D) coordinate system,

— v ot
- \o il

is full-rank. Thus, |det‘q(‘”’))| #0 at t =0 and there exists &,(x) such that for
0 <t <eg(x) the change of variables V : (z,v) — (r, ) is a diffeomorphism onto
its range. However, the domain in IR" described by the polar coordinates
(r, w) € Y([0, &,(x)) x S"~!) need not be star-shaped with respect to the origin; or
put another way, if (r, wy) € Y([0, £,(x)) x $"71), it is not necessarily true that
the same holds for all 0 < r < r,. But there does exist r,(x) > 0 such that for
all w € "' and 0 < r < r,(x) we have (r, ) € Y([0, &,(x)) x S"!). Let r,(x) be
the largest such radius for which this holds. Then it is clear that there exists
0<R, <r,(x) for all x; indeed, let {B,} be an open cover of the compact set
{x e X :dist(x, 0X) > D/2} by balls of radius r,(x), and let R, be the Lebesgue
number associated with that cover. We then have that any ball of radius < R,, is
contained in one member of this cover, and therefore in a convex neighborhood
which is the image of the diffeomorphism .

With these preparations complete, let f be supported as in the statement of the
proposition. Then, re-parameterizing in the ¢ variable,

d(w, 1)
o(v, 1)

B = [ / A(x L) G (D)drdv = (1), say,

with  A(x, £, v) == n(x, U)nZ(?(x,v)(t))ﬂl (’)_;(x,v)(_ T_(x, v)))ﬂz(%,v)(— T_(x, U))) If
A(x, t, -) is odd, then it is easily seen that the integral vanishes and so if A,(x, t, v) :=
A(x, t,v) + A(x, t, —v),

74 (x,v)
my=[ [ x0AL ) G 0)di du

74 (x,v)
ol O AL LG ) dy= (1) + (1), say,
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where y(r) € C*(R), x(0) =1, and is supported in [0, ) with J < min{R
Rewriting (I;) in terms of spatial variables we easily obtain

D}.

m?

DN g < C sup >

x,yeX, d(x,y)=0 o<1

GA (R, d(3.9). D ) ()

1122 x) 2

with C depending only on Vol(X), which depends continuously on the metric.
Here v(x, y) is the initial tangent vector of the geodesic joining x to y, and J.(y)
is the Jacobian determinant of the change of variables. Note that the Jacobian
J, depends continuously on the magnitude of Jacobi fields, which in turn depend
continuously on one derivative of the Christoffel symbols, which in turn depend on
one derivative of the metric. Hence

[T ) < CHANer 1 2 x)

= C””Il||CI(QX)||’72||CI(QX) ||ﬁ152||c1(r,)||f||L2(X)-

To treat (I,), we express the integral in terms of our chosen coordinates. Let y
denote the coordinate form of 7, (%), dv be the volume form dv expressed in
these coordinates, and S = {0 : ¥'g;;(x)?/ = 1} C IR". Then changing coordinates to
transform S to S"~! and letting dow be the standard volume form on "},

() = f / G (%, r, ) f(x + ro)drdw
sn—=1 Jg
where

G,= %(G(fc, r, o)+ G(x, r, —w)),

G(x,r,m) = (A, (X, 1, 0)J(%, 1, D)

t=t(x,r,w),0=0(X,r,w)

where J is the Jacobian determinant for the changes of variables from v to w.
Expanding in a Taylor series, G, (X, r, ) = Gy(x, w) + rG,(X, r, ). We are left
needing to estimate (I,) = (I,) + (I5) where

dy,

> . .Y
(1) = /S/O Go(x. w)f(x+rw)drdw:/w Go (x, 5
and

(Is) = _/SH fow G (x, r, 0) f(X + ro)drdw

f e o VX )
:/ G, <x, [y — x|, ——= ) ——— dy.
R =/ |y =X

We consider (I5) first: we may differentiate inside the integral in (/5) obtaining

o . 0 i8)) fE =)\ .
)= /Rn <($Gl('))w + Gl(-)W) dy (22)
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from which we have (in a manner similar to our bounds on 7, see definition 5.1)

1) 1m0 = CIGlerax) 1 2 ex) (23)

the constant C depending only on Vol(X). Derivatives of the kernel of (/) yield
a non-integrable kernel; however, the resulting integral makes sense as a principal
value integral, and the mapping properties of such a singular integral operator
are understood and studied in [16]. Indeed, differentiating (I,) with respect to X/,
treating w and r as independent of %, we obtain integrals of the same form as (22)
and hence estimates analogous to (23) with G, replaced by G,. Next, differentiating
(1,) assuming that only @ and r depend on %' results in a kernel whose mean
value in the w variable is zero and whose L*(dw) norm is bounded by the C!'(QX)
norm of G, (see [16] Section 7, Chapter IX). The Calderon-Zygmund theorem ([16],
Theorem 3.1, Chapter XI) then yields

1D 1m0 = ClGollerax I 2 ex) (24)

with C independent of G, and the metric. Combining the estimates (21), (23)
and (24) above, (I;) = (1,) + (I5) + (I;) satisfies

I = 1D + CUIGoller + NG ille) 1 200
= C'lmllcxax Il ulBiBallcai ) 1 2 -

In a manner similar to the discussion after (21), C” depends continuously on the C*
norm of the metric. |

For each i>1 we will write Ao, as an infinite sum of weighted X-ray
transforms; in order to have properly defined weights mapping QX — R we expand
one instance of the kernel ® occurring in A¢; in a manner based on spherical
harmonic expansions of functions on S"~!. We present the statement of the lemma
demonstrating this expansion and postpone its proof until after we apply it to prove
Proposition 6.3.

Lemma 6.2. Ler O(x,v,v) € C*"(Q*X) and g e C(X). There exist O;(x,v),
@;(x,v) € C*"(QX) such that

O(x, v, v) =) 0;(x, v)e;(x, )
j=1
with
C
19lexon = 7 and lle;(6 V)lli~n = 1.

the above estimate holding in a C3" neighborhood of (9, g).
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Proposition 6.3. Fix (m, g, 0,0) with m, o € C? and g, 0 e C*. Suppose that
[klloos k|l < [|®]lodiam X[S" ]!, k, k € P, and B € C*(T_). Then there is C >0
such that

I;’ﬁﬁz A,

i=2

= CSHAk”LZ(x)’

H'(X)

with the above estimate holding in a C? neighborhood of (m,c), and a C¥
neighborhood of (0, g).

Proof. For (x,v) € QX we define €(x,v) = E(y,(—7_(x,v)),x). From
Theorem 4.1,

7 (x') -
Moo ) = [ B 90 (0) [ [ARG0) (DKG2) = K (0) 8k ()]

X O (.0 (1), W) Oy, Wy, W) E( (1), )
X E(yy, X) F (Y w.y ()5 Y2, X)dy, dt

and from Lemma 6.2 we have (formally at least),
;o had T, (x,0) N o
Mo d ) = 3 [ E G ()81 ()
=1

[ ARGy (DK 02) + Ry (D) A
X (V) (1), W) O(y,, Wy, W)
X E()(w.v) (1), ) E(2s X) F (V.0 ()5 Y20 X)m(x, W) dy, dt

=y 1@,%;,1[\1’2,1,1 + \Pz,z,l](x/’ v')
=1
where

WV, 1.(2) = /X Ak(2)k(y2)@i(z, wi (2, ¥2))O(ya, Wy (2, 2), Wy (12, X))
x E(z, ) E(y5, %) F(z, y2, X)m(x, Wy (y,, x))dys,
W, ,.(2) = /}(%(Z)Ak(yz)qoz(z’ Wi (2, ¥2)) 05, Wy (2, ¥2), Ws(y,, X))
X E(z, ) E(yy, %) F(2, 2, X)m(x, ;(y,, X)) dy,.
In a similar manner, with y; = 7., (%),

Ao (x, X, v)

> T, (V) . N
= ; ./(; %(’y(x’,u’) (t)@)l(y(x’,v’) (l))

x [ (Zic(yl) RO DA O G) - .k(y,)) 01w (1), )
X X \i=1
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X <H O(y;, w;_y, ﬂ),-)E(yn,yf)) EQj X)F () Y25 oo es ¥js X)
i=2

x m(x, w;)dy;...dy,dt

J

e

I@,‘«E,I\I,j,i,l(x/’ V).
1

1i

Explicitly,

Wiaa0) = [ o [ KOO RO )AKGDA ) - k)i )

i=2

It is now necessary to estimate ||V, ; ||, In what follows, || -

lloo

X (H Oy, Wiy, W)E;_y, yi)) E(yj’ x) F()m(x, ﬁ)j)dyj ...d

2203

Ya-

is shorthand for

| - lz=(z where Z is simply the necessary domain of the object for which we are
taking the L norm. Let X, = suppk Usuppk, and D = dist(X,, x) > 0, and recall

that max{|k| ., ||k|l..} < e. First, since E < 1 and |¢,||, < 1,

loo

12,11l 20 < €llOllllmllo

/X Ak(2) F(z, y, x)dy,

L2(X)

Since on X, d(x,y,) > D, by Lemma 4.2,

‘fx Ak(z) F(z, ¥, X)dy,

= 8k @)| [ 1021, ()

<tk (%) [ e

— |AKQ)| (CD> G

(see (12)). Thus

C;; n—1 ' -
sl < @l () (im0 k]

The estimate for W,,, is the same although it is derived in a slightly different

manner:

A

19224020 < el®@limlle | [ ARGR)L (2, (s
k

L2(X)

IA

CK n—1 -
elollnl. () 178kl

IA

CK n—1 ' ~
elollml. () (iam 201818k,
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For general j when i =1,

1112 < € IO1L Imll.

Ak(z)/ f F(Z, Y2 oo s ¥ X)dy; .. dy,
X X,

L2(X)
n—1 -
<ol Il (S2) 1T ks
, C n—1
< sC(el0].(diam IS 2l (52 ) 18kl
where C = ||®||(diam X)|S""!|. For general j and i > 1,
19l < & OIS mll | [ o [ AKO)F w1,y X)dy, o dyy

X X L2(X)

‘ . C n—1 - ~.
= 1O Il (T )15 KT Dl

- - C.\"" ~ ~
< ool Il (S2) 1TV ARl

. . CKM n—1
< sClel@].(diam [l () 18kl

Now, using the relation ,BI(.)/&1 =gz p. W have

oo c© j oo
I gB > Ag, =222 13 516 .8 Wil x)
j=2 HI(X) j=2i=1I=1
o j o C
= ZZZ 1+ 2 ”\I,j,i,I”LZ(X)

o0 J oo C ) ~ -
=222 2 (el1O]l (diam X)[S" 1A

< eC"[| Akl 2x) 2 j(e] Ol (diam X)|S"71[)/ 2.

J=2

This follows from Proposition 6.2 and Lemma 6.2, with C depending continuously
on the C* norm of g and O, and the C? norms of ¢ and m as well. Note that C”
combines C with bounds on diam X and C, , both of which depend continuously
on the metric, certainly so in the C*" norm.

We see that for sufficiently small & this series converges (thus justifying the
formal computations performed above). d

Proof of Theorem 2.2. Fix real analytic (m, g, g, ®). Given the hypothesis of
Theorem 2.2 we are ensured that both Propositions 6.1 and 6.3 hold. Combining
them, we have the existence of a constant C, depending continuously on the C?
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norms of (m, ¢), and the C** norms of (0, g) such that

Akl 2x) < CellAk|l12(x)

and so for 0 < & < C~!, we must have k = k. O

Proof of Lemma 6.2. Given a fixed coordinate system for X (and hence for QX),
there is a well defined smooth bijection 0 =0, : Q X — S"!, 0 (v) = G(x)"/?v,
where G(x)!/? is the square root of the matrix given by the metric. This change
is as smooth as g is. Denoting the inverse of this map by v(0) we define
e C=(QX x S

O(x, v, 0) = O(x, v, v(0)).

We shall make use of expansions in terms of spherical harmonics. If f € H,, the
space of spherical harmonics of order k, then it can be shown that Agf = —k(k +
n—2)f, where Ag is the Laplacian on S"~'. Denote by Z;(6) the so-called zonal
harmonics for which f(x) = (f, Z;(0)) 21 for all f € H,. Then one has (see, for
example, [9]),

dim(H,) =d, <c, (k"2 +1)
1Z¢ll 21y = €jy/d forall x € S,

Let {x//k,}l € L*(S"") be an L*(S"') orthonormal basis for H, (so Z; = d
Wkl(e)‘pkl(x)) Define v, := ||‘//k1||Loe(§n 1)Wk1 Then for each (x,v') € QX,

oo dy
Ox, v, 0) = k;o ; O, (x, V), (0)
with
O (x, V) = Wil ) /S O(x, v/, 0)1,(0)d0.
For each 0,

DO = [ ZD1 = sl s 20w, = 0/
Next, since x];k, € H,, for any N € N and k > 1,
00 )] = Wi | [ B, e)fpkl(e)de‘

(A5)" ()
(—k(k+n—2)N

~lilmsn| |, 8000
N

= Ukt n—2)7
//k(n 2)/2

= kk+n—2)

_>

(AR ORCIENT e)de]

1(A)"OCx, V', )l 21y
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where ¢/ depends only on the dimension n. Thus for sufficiently large N (in fact
N > 5n/2) there is ¢, y such that

O (. )] < 1A B(x. v, 20

1 + k2n

Now renumber the collection of coefficient functions and define new basis functions
as follows: with j =d,+d, +---+d,_, + 1, set

@;‘(x’ V') = Oy(x,v), and @;‘(x’ v) := Y (0,(v)).

Then
O(x, v, v) =) 0,(x, v)g;(x, ).
=1
Now
k
J= X dy e, (k+ DK +1) ¢,k
m=0
o)
10;(x, V)| = [0 (x, V)] < . 2 1AV O, v, 2y
1 + k
< 1+ (AN O, . )l 2gsn1)-

If one applies the same decomposition to 020(x, V', v), « € {0, 1, 2}", one finds that
the coefficients are nothing more than 050;(x, v') and these satisfy

C
(S”*]) S 1 +jz

, En, o ’
1030;(x, V)| = H_A;.z 1(A9)Y 070 (x, v/, )2

Note that C depends on 2N derivatives of ® in the last variable, and hence 2N
derivatives of g due to the change of variables introduced earlier. This proves the
claim of the lemma. O
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