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Abstract

Consider the following inverse problem: From electromagnetic information
obtainable at the boundary of a body, can one determine material parameters,
and their normal derivatives, at the boundary of the body? In this paper we
answer this question in two physically distinct situations: The first is when the
relationship between the electromagnetic fields depends on the conductivity,
the electric permittivity and the magnetic permeability of the body, and these
parameters together with their normal derivatives are shown to be recoverable
at the boundary. The second is when the constitutive relations for the fields
are altered so as to further take into account the chirality of the body. We also
show how a layer stripping algorithm may be derived to estimate the unknown
parameters near the boundary in both situations.

The approach is to calculate an explicit assymptotic expansion for the sym-
bol of a boundary operator which is assumed to be known (from boundary
measurements); this expansion is shown in each case to determine the unknown
parameters at the boundary.

*The author was partially supported by NSF Grant DMS-9322619 and ONR Grants N00014-93-
1-0295 and N00014-90-J-1369
tDepartment of Mathematics, Universtiy of Washington, Box 354350, Seattle, WA 98195-4350
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Introduction

If a body is immersed in a time-dependent electric (or magnetic) field, the induced
magnetic (respectively electric) field depends on a number of material parameters of
the body. In this work we consider the inverse problem of determining these material
parameters at the boundary of the body from knowledge of a certain boundary map.
The approach is as in [3] where knowledge of the Dirichlet-to-Neumann map was
shown to determine the conductivity and all its derivatives at the boundary of a
conducting body subjected to a time-independent electric potential. The result in [3]
was obtained for anisotropic conductivities; here we shall restrict ourselves to isotropic
parameters.

The paper is divided into two main sections. In section 1 we treat the situation
where the body ©Q C R? has defined on it three material parameters, its conductiv-
ity, electric permittivity, and magnetic permeability. In section 2 we consider the
situation where in addition the body has a property called chirality. Chirality is the
existence of a handedness; a chiral molecule is one which cannot be superimposed
onto its mirror image, and a chiral material is one which has chiral molecules in its
molecular structure (see [4]). One property of a chiral liquid, for example, is that if
plane polarized light is passed through a flask of chiral liquid, the plane of polarization
may be rotated; the degree of rotation is determined by the relative abundance of
“left-handed” versus “right-handed” molecules. The equations determining the rela-
tionship between the electric and magnetic fields in this case are Maxwell’s equations
with a modification of the constitutive equations describing the electric displacement
and the magnetic induction.

We now define the problems more precisely. Take ) to be a non-chiral body, a
smoothly bounded subset of R3. We shall assume that the conductivity -, the electric
permittivity €, and the magnetic permeability p are smooth functions satisfying the
following conditions:

v 20, e >¢e9>0, B o >0

throughout Q. We shall need to make use of the following function spaces: H?*(Q)?
consists of three dimensional vector fields whose components are in the usual L?-based
Sobolev space H®. Let Div denote the surface divergence on the boundary of €2, and
v(z) be the outward unit normal vector at z € 952, and define the following space of
tangential fields:

THp, (09) = {F € (H?(92))* | v- F =0, and DivF € H %(39)} '
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Suppose that a time-harmonic electric field with fixed frequency w is applied to 2
and that the tangential component of the induced magnetic field at the boundary of
Q2 is recorded. The electric field E and magnetic field H are related by Maxwell’s
equations, which in Euclidean coordinates take the form

VAH = (y—iwe)E, VAE = iwpH

where A denotes the R® vector product. The boundary condition is v A E|sq = F,
the tangential component of the applied field at the boundary (see section 1.2). The
tangential component of the magnetic field is then v A H. The boundary map, which
we term the boundary admittance map following [7], is

A : F=vAE|pqg—vAH|s.

The inverse problem being considered for the non-chiral body is then the following:
Suppose that we know the map A. From this information can we determine the
unknown parameters vy, € and p at the boundary of 27 This question has been
answered in the affirmative in [7]. There Somersalo calculates the principal symbol of
A, and that of the impedance map which, when restricted to the Div-spaces, is AL,
In the current paper we use an alternate method to calculate not only the principal
symbol, but terms of lower orders of homogeneity in an asymptotic expansion for the
full symbol of A. This approach yields the determination of not only the parameters,
but further their normal derivatives at the boundary of (2. Furthermore, the technique
can be applied to the case of chiral media, and in section 2 we prove the analogous
boundary determination for a chiral body. In the case of a non-chiral body, interior
determination of parameters has been shown to be possible from the boundary map,
assuming prior knowledge of the parameters near the boundary (see [6]). To remove
this assumption in the unique determination of parameters throughout €2, it suffices
to determine the parameters and their first normal derivatives at the boundary; this
paper shows that such information is obtainable from A.

Remark. A Riccati-type differential equation for A can be derived by way of equa-
tions (7) and (15) (see sections 1.1 and 1.2), and one may derive a “layer stripping”
algorithm to estimate the parameters near the boundary, as was done in [7]. In sec-
tion 2 we point out the analogous derivation of a Riccati equation for the boundary
map in the case of a chiral body.

Section 1 is a treatment of the case of a non-chiral body and the details of the
technique are presented. In section 1.1 we rewrite Maxwell’s equations in local co-
ordinates as a second order system and derive a factorization by pseudodifferential
operators. Section 1.2 expresses the admittance map in terms of these operators, and
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in section 1.3 we prove determination of the material parameters by way of calculating
the symbol of A as a pseudodifferential operator.

Section 2 follows the format of 1, but in the case of a chiral body. The precise
formulation of the problem is left to that section.

1 Non-Chiral Media

1.1 A Factorization of Maxwell’s Equations

Let  be a bounded subset of R® with smooth boundary. Our treatment is local
to a point p in the boundary of 2, and for the moment assume that p = 0 € 01,
Q C {z3 > 0} locally, and that 0f2 is locally characterized by 3 = 0. We consider
a general boundary point at the end of section 1. Let (E, H) € D'(2)® x D'(Q)? be
time harmonic electromagnetic fields at frequency w. In these Euclidean coordinates,
such time-harmonic fields are related via the following form of Maxwell’s equations:

VAH = (y—iwe)E = —iwoE (1)

VANE = iwpH (2)
Here we use A to denote the R® vector product, and define iwo = iwe — 7. We also
assume that

V.- (0E) = 0, V- (uH) = 0. (3)

which physically means that there are no electric charge sources or magnetic poles.
Substituting (2) into (1) we obtain

~AE+V(V-E)— (Vlogu) AVAE —w’ucE = 0.
But V- (0E)=0,0or V-E =—FE-Vlogo, and so
~AE —~V(E-Vlogo)— (Vlegu) ANVAE —w*uocE = 0. (4)

We introduce some notation: write Vlogo = (doy, dos, dos), Vlog pu = (dpy, dug, dus)
and let 0; denote 0/0x; and D,, denote —id;, j = 1,2,3. Let I denote the 3 x 3
identity matrix. Then if 2’ = (x, z5) we may write (4) as

M(z, D)(E) = (D2,1 — A'I — M(z, Dy) — iP(z)Dy, — R(z)) E =0 (5)



S. R. McDoOwALL 5

with M a 3 x 3 system of differential operators of order one in z’ and depending
smoothly on z3, and P(z) and R(z) zero order matrix multipliers. Here, A’ is the
two dimensional Laplacian in z; and zs.

PROPOSITION 1. There is a pseudodifferential operator B(x, Dy) of order one in x'
and depending smoothly on x3 such that

M(z, Dy) = (Dy,I — iP(z) — iB(z, Dy))(Dg,I + iB(z, Dy)) (6)

modulo a smoothing operator.

For definitions and properties of pseudodifferential operators see [10].

Proof: We prove the existence of B by explicitly deriving its asymptotic expan-
sion, which is made use of in the sequel. From (5) and (6), we have

A'+i[D,,,B]+ M +PB+B*+R=0. (7)

Let B(z, Dy) = (Bj)) have symbol b(z,¢') = (bjk) Here &; is the dual variable to
D,,. Recall that the symbol of BBy is >, =(98b;)(D%bi), and so the symbol of
B? is the matrix

(>3 eenowzn)

where j and k index the components of the matrix. Similarly one finds that the
symbol of [D,, , Bl = ([Dy,, Bjk]) is

1 abjk

i Oy )

i(do16y — dusés)  i(doa + dug)é: i(dog + dusz)é
m(x,&') = (mj) = | i(doy +du)&  i(doxby — din&y)  i(dos + dus)és ;
0 0 —i(dm&r + dpaés)

The symbol of M is

and in terms of symbols, (7) becomes

—|€'26,1 + Bsbjy, + myy, + Zpﬂblk + ZZ (080;0)(D3bu) + Rjp = 0. (8)
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We write

bjk ~ Z bﬁ) (z,€)

g<1

with bﬂ) homogeneous of degree ¢ in &', and will determine the bg-‘}c) inductively in g,
thus proving the proposition. To this end, the terms in (8) with homogeneity of order
two give

1 1 1
—[€"265 + Dbl b) = |2 + (b)2 =0
[

and we choose the solution (b§ k)) —|&'|1. Next the terms homogeneous of order one,

together with bﬁ) = —|¢'|6; give

0 = b +mye+ > Pubiy Z b + 000 + > ogbl) Dby
l

l|=1
= myy — Pyl€'| — 2165 .
Since we are solving only modulo smoothing, we put

o Mk — Pl
p = =ik Ik 2\§'|] (9)

Continuing inductively, if ¢ < 0 (the case ¢ = 0 is similar), the terms homogeneous
of order ¢ in (8) are

0= 93 JFZPJZbl,c +> ) 5 > ogbly) Dabite),

I 0<la|<—g+2  g4|al-1<s<1

The only terms involving bg.‘,]c_l) are when || =0 and s =1 or s = ¢— 1 in which case

D b + bl Vb)) = —21¢ bl

l

and thus we set bg-‘fc_l) =
1 1 a|—1<s<1 a1.(s a +|a|—s
2‘5/‘ a3b§(11€) + Z P]lbl(g) - Z Z a Z s;él?;_—|1|whgn_|a|:066’b§'l)Dm’bl(lz o=
; !

I 0<|o|<—q+2
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1.2 The Boundary Admittance Map, A

It was shown in [8] that for all but a discrete set of w > 0, with no accumulation

points, the following Dirichlet problem has a unique solution: for F' € THE)iV((?Q),
let (E, H) € D'(Q2)3 x D'(2)® be the solution to

VAH = —iwoFE
VAE =iwuH vA E|yq=F (10)

where v is the outward unit normal to the boundary of €.
PROPOSITION 2. If E solves (10), then

0
~—FE| = BE|,,. 11
92,5 =Bl (1)

modulo a smoothing operator.

Proof: Certainly, M(z, D)E = 0. Let (z',x3) be local coordinates, for z3 €
[0,T]. Since the principal symbol of M(z, D) is —|£|?I, the plane {z3 = 0} is non-
characteristic, and so M is partially hypoelliptic with respect to this boundary (see
[2] p107). Thus since E solves (10), E is smooth in the normal direction; that is,
E € C>([0,T); D(R?))3 locally. By Proposition (1), (10) is locally equivalent to

(Dy,I +iB)E = U, VAE|g—0=F, (12)
(Dg,I —iP —iB)U = W € C*([0,T] x R?)? (13)

with E and U in C*([0,T]; D(R?))? (again, (D,,I+iB) is hypoelliptic with respect to
the boundary). We may view (13) as a backwards generalized heat equation; indeed
with t =T — z,, we have

oUu
By interior regularity for M(x, D), E is smooth in the interior of €2, and hence so is
U; in particular, U|,—r is smooth. Now the principal symbol of B is b' = —|¢’|T and
so the solution operator for (14) is smoothing for ¢ > 0 (see [9] p134), and

(Dg, I +iB)E = U € C*([0,T] x R?)?
locally. In particular,

Dy B,y = —i BE|, _,+ U

z3=0 — z3=0
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which completes the proof since U ‘333:0 is smooth. ]

Recall that if (E, H) solves (10) then the admittance map A = A(y, e, u) is the
map A : v A Elgq — v A H|sq where v = (0,0, —1) is the outward unit normal to the
boundary 02. From (2),

E2 A 1 63E1 - 81E3
_E1 _ — 63E2 — 82E3
W
0 z3=0 O xr3=0
By Proposition 2,
63E] = leEl +Bj2E2+Bj3E37 .7 = 172a3a

and from (3)
030FE3 + 003E3 = — (00, + 010)E1 — (002 + 020) Ey;
combining these, we have
(O30 + 0Bs3)E3 = —(0Bs; + 001 + 010)Ey — (0Bsgy + 005 + 020) Es.

Let J(z, Dy) = (030 +0Bss), and K(x, D) be a pseudodifferential operator of order
-1 in 2’ such that the composition K.J is the identity modulo smoothing. Then A is
given by the 2 x 2 system with components for j = 1,2

1
Ajl = m ((a]K — ngK)(0'332 + 0'82 + 820') —+ ng)
1
Aj2 = m ((—8]K + Bj3K)(O’B31 + 0'81 + 810') - le) . (15)

We write the symbol of J as j(z,&') ~ Y, ji(x,€') with j; homogeneous of degree [
in ¢ and given by -

i =—ole, jo = 030 + obiy), ji=obs, 1<0.
To compute the symbol k£ of K modulo S~*°, we write k¥ ~ > _ | k.(z,&) and
consider the terms of decreasing homogeneity in the identity

1 ! a !
1= Z a(a?’k(%f ) (DS j(x, &) = the symbol of K J.

o[>0
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1.3 The Symbol of A and Boundary Determination of u, ¢, ~

In this section we show that knowledge of the boundary admittance map A is sufficient
to determine the unknown parameters ¢, v and p on the boundary of 2. Let

Mz, €) = (A(a', €)) ~ (Z A§-‘£)

be the symbol of A. Since we are assuming complete knowledge of A, we know the
full symbol A\(z', &) for all (z',¢&') € R? x R2.

First, calculating the terms of homogeneity one in (15), one finds that the principal
symbol of A is

(V) (ool 1\ —1 _5162 _52)
AV ¢) = iwu(z’,0)]€| ( $ 5162 ’

Thus the principal symbol of A determines p on the boundary. Note that A(!) then
also determines the tangential derivatives of i on the boundary. We remark that this
is the negative of the principal symbol calculated in [7], the reason for this being that
n [7] &; is taken to be the dual variable to i0; = —D,,.

Next, we calulate the terms of homogeneity zero in (15). For example,

iwp\) = €10k 1b5) — €160k o — 16 Y Ofk1 DSo + i€1ok_1dos + by — &by ok

lal=1

The symbols bg%), bgg) and bgg) are given by (9), and (1.2) yields

-1
1= = k_
T o -

which gives

2% |§/|3 (idoy €] + Erdpn + Eadpn + 261doy + 28ad o)

&
2(¢'?

iwpA(? (2, €) = =z (2162 dps — & odpn — Edpsy + 6 |€' | dps)

Since we have determined p, and hence du; and duo, on the boundary, )\ deter-
mines dug there; this is the only new information to be gained from all four of the

components of the matrix \(©).
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Remark. A similar analysis of the impedance map A~! shows that the two highest
terms of homogeneity in the expansion of the symbol for A~! determine o and its
normal derivative at the boundary.

To determine higher order normal derivatives of the parameters at the boundary, it
is necessary to continue and calculate the components of A=Y (z', £'). The calculation
is involved, but is straightforward in manner. To extract the desired information we
choose to set & equal to (1,0) and then (0,1). In what follows, f;(z') are known
functions of 2’ (each is defined by functions already determined). We find:

2iwp T (@, (1,0) — fi = duidoy — d1doy (16)
2iwpA (@, (0,1) — fo = —0idos (17)
2iwpAG (@ (1,0) = f3 = —dumdoy — (1 +14)(2do? — do? — 8ydo)

—(1 = 26)01doy, — 2w o (18)
4iwp GV (@, (0,1)) = f2 = —0sdus + 201doy — 2wino (19)

47;qu§;”(3:’, (1,0)) — fs = 0Osduz — 20:dog + 2w’ o
2iwpAs (@, (0,1)) = fo = dpsdoy + (1 +14)(2do? — do? — Dy doy)
+(1 + 24)0pdoy + 2w o
2iwpNy (@', (1,0)) = fr = dudoy (20)
2iwpA (@', (0,1)) — fs = —dpdoy + Bydor (21)

It is easy to see that equations (16) to (21) determine the unknown parameters on the
boundary: (16) and (17) determine doy, and (20) and (21) determine doy; further-
more, the tangential derivatives of these functions are known. With this additional
knowledge, (18) gives o, and hence € and vy, and then (19) gives Jd3dus.

Let us summarize these findings: recalling the definitions of do; and dpu;, the
highest three terms of homogenity in the asymptotic expansion of A determine ¢, 7,
@ and 0, on 0f), where 0, denotes the normal derivative. Since these functions are
known on the boundary, we remark that their tangential derivatives are also known
there. We remark further that A-Y does not determine the normal derivatives of ¢
and v; it seems reasonable to expect A(=?) to determine these, however the calculations
become considerably more cumbersome. In fact we can expect A to determine the
derivatives of all the paramters, of all orders, at the boundary.

We now consider the situation where 02 is not flat near p. In local coordinates
near p, if £ =3}, E;-2-, denote by E® the one-form E® = >, Ejda? obtained via

.3
ox;
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duality. Then Maxwell’s equations take the form
(*dE®)# = iwpH, (*dH®)# = —iwoE

where * is the Hodge-star operator for the metric induced from the Euclidean metric
in R?, and # reinterprets the one-form as a vector field via duality. We choose local
coordinates near p to be boundary normal coordinates (see [3] p1101) with the coor-
dinates for 0f) being Riemann normal coordinates. Then 0f2 is locally characterized
by z3 = 0 and the induced metric is Euclidean at p and has all first derivatives van-
ishing at p. With this choice the calculations reduce to those of the flat case for the
two highest order terms in the expansion of A. Thus by considering A and A~!, the
parameters and their first normal derivates are obtainable at p.

2 Chiral Media

2.1 The Modified Maxwell’s Equations

Suppose now that €2 is a body with chirality described by a smooth function 3. In
this section we wish to apply the techniques of the previous section to determine 3
together with u, € and « on the boundary of 2. The same arguments of section 1
regarding a general point on the boundary of €2 versus the case of a flat boundary
apply here and so we take 02 to be {x3 = 0} near 0. If D is the electric displacement
and B is the magnetic induction, Maxwell’s equations read

VAH = —iwD (22)
VAE = iwB (23)

where, for a Chiral body, B and D are related to E and H through the constitutive
equations (see [1], [5])

B = uH + BE, D = oE - 3H (24)

as before iwo = iwe —-). We assume the displacement and intuction to be divergence
Y g
free,

V-B = 0, V-D = 0. (25)

The system employed here is not exactly the same as that of section 1. It is no longer
possible to use the divergence free conditions to decouple the system and find the
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analogue of equation (5) in terms of E alone. Instead we consider the electric and
magnetic fields together. Taking the curl of (22) and (23), we may write

E V-E\ . (-VuAH\ _[(E
_A<H)+V(V-H)+M( VJAE>_Z(H> (26)
where Z is a zero order matrix multiplier. The conditions (25) imply
V-E\ _ 1 (=BVB —uVo)-E+ (uVB—pVp)-H
V-H  ou+ B2\ (BVo—-0oVB)-E+ (-BVB—0oVpu)-H |’
Further, from (22) and (23),
i —VunH _ 1 —oVun —pBVun VAE
VoANE  opu+p2\ BVoA —uVoA VANH

Combining these with (26), we obtain an equation of the form

N(z, D) ( v ) = (D%, — A~ N(z,Dy) — iQ(z) Dy, — S(z)) ( v ) —0 (27)

where N(z,D) is a 6 x 6 system of differential operators of order one in z’' and
depending smoothly on z3, and Q(z) and S(z) are zero order matrix multipliers. As
in Proposition 1, there is a pseudodifferential operator C(z, D) of order one in z’
and depending smoothly on x5 factorizing N as

N(z,D) = (Dy, —iQ(x) — iC(x, Dyp))(Dyy + iC(x, Dy)) (28)

modulo smoothing.

2.2 The Admittance Map II for Chiral )

Let (E,H) € D'(Q2)® x D'(Q)? solve

VAE = iw(uH + BE)
VAH = iw(oE — BH).

With the analogous proof of Proposition 2 we have for such solutions (E, H),

£ (5).-e(5)

N
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modulo smoothing. From (25) and (29), on 012,

[(assﬂ a3ﬂ)+<ﬂ M)(Csss C36):|<E3>:
030 —835 o —5 Css Ces H;
—(O1B + O + BCs1 + pCe1) Ey — (028 + B0y + BC39 + uCes) By
— (01t + p0y + BC34s + pCes) Hy — (0ot + 1102 4 BCs5 + 11Cs5) Ho
—(810' + 0'81 + 0'031 - ﬂC(;l)El (820' + 0'82 + 0'032 - /BCGQ)EQ

+(0 B + B0 — 0Cs4 + BCs4)Hy + (028 + 309 — 0C35 + Ces5) H

Fi Fio E3 _ Wi sa
Fy Fp )\ Hs Wy )oY
Let G be a pseudodifferential operator of order —1 such that GF = Id modulo

smoothing. We shall use IT = TI(3, €, u, ) to denote the admittance map for a chiral
body; using (22) and (23) this is the map

or

1
( m(agEl - 81E3) ( _§E2 \
Ey,
—E1 I (83E2 - 82E3) —E1
s A lwft o
_£2[1 Z% 83H1 81H3) —gHQ
x3=0
E(a?)HQ 82H3) / x3=0 ;Hl / z3=0

The components of the 4 x 4 system II can be computed in terms of C' and G, for
example,

1
I, = W{CIQ — (C13 + Ci — 01)[G11(028 + B0 + BC32 + puCi2)
+G12(820' +00y + 0C3 — 13062)]} - g
-1
H12 = m{Cll - (013 + 016 - 81)[G11(81/6 + ﬂal + 5032 + 'UICGQ)

+G12(310’ + 0'61 + 0'032 - /8062)]}

—1
H31 = m{6'42 — (043 -+ 046 — 81)[G21 (825 + ﬂaQ + 6032 + ,U,C(gg)
+GQQ(620 + 0'82 + 0'032 - /8062)]}
1
H32 = E{Clu — (043 + 046 — 81)[G21 ((91ﬂ + ﬂal + ﬂ032 + /11062)

+G22(810’ + 0'81 + 0'032 - 13062)]} (30)
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2.3 Boundary Determination of u, ¢, v and

Writing the symbol of II as 7 (2',&') = m(2',&') ~ > o WJ(.Z), the principal symbol
of II is computed to be B

Wr en— L |\ =& —&&
™ (:E ,f) - iw\&’\ 0 l ( —£& _gg )
& 6&

g

Clearly this determines p and o (and hence ¢ and «) at the boundary. The com-
putations for 7(® are analogous to those for A. We outline the arguments leading
to the determination of the unknown parameters. In what follows, g;(z) are known
functions at each stage, and £ is chosen as appropriate.

W00 -al) = (D
0 16} —
AL 00) - ) = (BEDe) 0

and so these combine to determine Osu. Next,

52,u+283u 1
2w ou+ [?

ﬁ%ﬁwmwwmhz(

determines o + 4% which, with (31), gives 3. Finally

1
0
7T§1) (xla (—2’

1033

) — 94($') = m

Sl

determines 0s(.

To summarize, the two highest order terms in the expansion of 7 determine 3, p,
¢ and +y, and the normal derivatives of each on 0f2.

2.4 Remark: Layer Stripping for Chiral Bodies

For a non-chiral body, a layer stripping algorithm was proposed in [7] to estimate the
parameters near the boundary. This algorithm essentially proceeds as follows: from
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the boundary map A, the parameters are determined at the boundary. One then strips
away the known “surface layer” to expose a new boundary, and by way of a Riccati-
type equation for A, an approximate boundary map for the new boundary is obtained.
From this the parameters are estimated a little below the surface and the proceedure
can be repeated. The essential component of this algorithm is the existence of a
Riccati-type equation with which to advance the boundary map in from the original
surface. From (27) and (28), together with the fact that D,, f(z',0) = 0, we have the
following Riccati-type equation for C:

530 =—-C*—-~QC—-A -N-S.

Now we may calculate the normal derivative of IT by way of (30), in terms of operators
which are determined from the symbol of II. This yields a Riccati-type equation for
I1, and layer stripping may be applied in the case of a chiral body.
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(University of Washington) for his helpful guidance.
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