AN ELECTROMAGNETIC INVERSE PROBLEM IN CHIRAL
MEDIA

STEPHEN R. MCDOWALL

ABsTrACT. We consider the inverse boundary value problem for Maxwell’s
equations that takes into account the chirality of a body in R®. More

precisely, we show that knowledge of a boundary map for the electro-

magnetic fields determines the electromagnetic parameters, namely the

conductivity, electric permittivity, magnetic permeability and chirality,

in the interior. We rewrite Maxwell’s equations as a first order pertur-

bation of the Laplacian and construct exponentially growing solutions,

and obtain the result in the spirit of complex geometrical optics.

1. INTRODUCTION

In [12], Sylvester and Uhlmann proved that the conductivity of a body can be
uniquely identified from information obtained only from the boundary. If a time de-
pendence is introduced to the electromagnetic fields, the equations governing these
fields change from a single second order elliptic partial differential equation to the
full Maxwell’s equations. In [11] Somersalo et al. presented a boundary map for
time-harmonic fields at a fixed frequency and raised the question of whether the pa-
rameters describing the electromagnetic properties of the body could be determined
from knowledge of this boundary map. They showed that these parameters could
be recovered approximately provided they differed only slightly from known con-
stants. In [7] this assumption was dropped and it was shown that the parameters
are recoverable provided they are known in a small neighborhood of the boundary
of the body.

In all these treatments, the constituent equations, which describe the depen-
dence of the electric displacement and the magnetic induction on the electric and
magnetic fields, do not take into account the chirality of the body. Instead, they
depend only on the conductivity, electric permittivity and magnetic permeability
of the body. Chirality is an asymmetry in the molecular structure; a molecule is
chiral if it cannot be superimposed onto its mirror image. Presence of chirality
results in the rotation of electromagnetic fields and is observable, particularly in
the microwave range. Such experimental observations are used in physical chem-
istry to characterize molecular structures. For a detailed treatment of chirality and
time-harmonic electromagnetic fields see [2].
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In this work we treat the case of a chiral body, and so the constituent equations
depend on a fourth parameter § which describes this chirality. In [8] Ola and Som-
ersalo simplified the proof of interior identifiability in [7] by constructing a second
order system of differential equations, which has as its principal part the Laplacian,
in such a way that solutions to this system yields solutions to Maxwell’s equations.
They were able to construct a system with no first order part, that is a Schrodinger
equation, and then use the results of [12] to construct exponentially growing so-
lutions. Here we follow this idea and show that in the chiral case we are able to
construct a system with the Laplacian as its principal part which again yields so-
lutions to Maxwell’s equations, but which has a first order term. Nakamura and
Uhlmann [5] have developed a technique to handle such first order perturbations of
the Laplacian, and it is this technique we employ here to construct exponentially
growing solutions. The ability to construct these solutions enables us to use com-
plex geometrical optics to prove identifiability of three of the material parameters
throughout the body assuming knowledge of the fourth; in particular, assuming
that the magnetic permeability is known, the chirality is determined uniquely by
the boundary information.

In section 2 we state the problem precisely, present the main theorem (theorem
2.2) and briefly outline the proof which comprises the later sections. Section 3 sets
up the second order system; in section 4 we construct the exponentially growing
solutions. The proof of our result is brought together in section 5. Sections 6 and
7 are appendices including some more technical proofs.

2. STATEMENT OF THE RESULT

Let © be a bounded connected subset of R? with connected complement and with
smooth boundary 0. We restrict our interest to time-harmonic electro-magnetic
fields on 2, at fixed frequency w, i.e. if £ and H are the electric and magnetic
fields respectively then

E = e E(z), H = ™ H(z).
For such time-harmonic fields, Maxwell’s equations are
(2.1) VAFE =iwB, VANH=—iwD.

Using the Born-Fedorov formulation for a chiral body, (see [2]) the magnetic in-
duction B and the electric displacement D are related to ' and H through the
constituent equations

B = ji(H + 6V A H), D =é&(E+ YV AE).

Here € = o + (i/w)y where o is the electric permittivity and v is the conductivity,
and i is the magnetic permeability of the body. The chirality of the body is
described by 5 The parameters o, v, i1 and ﬂ~ are real-valued and we assume here
that €, & and B are smooth and are constant outside a compact set. We assume

(2.2) o>o0>0, v >0, > fip>0

for constants oy and fig. We shall be using an equivalent formulation but with

_ g i —iwéif
= Q- =» M: Y~ _=» = Y~ __=--
1 — w2énp? 1 — w2épn 32 1 — w2énp?
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We are assuming that 1 — w2132 # 0; this means that we assume that the electric
and magnetic fields never become parallel. Given the bounds (2.2), there is wy > 0
such that this assumption is satisfied for w € (—wp,wp); if w € (0,wp), then € and
1 are bounded away from zero as for € and fi. With this change of parameters, we
have the constituent equations

(2.3) B =uH — pFE, D =¢FE+ pH.
We are assuming further that there are no magnetic poles or electric sinks or

sources in €2; that is to say we assume the induction and displacement to be diver-
gence free:

(24) V-B=V.(uH —BE)=0, V-D=V-(cE+BH) =0.

We remark that 1 — w2132 # 0 is equivalent to e + (52 # 0.

If F is a function space, we denote by F* the space of k-vectors whose compo-
nents are in F, and by F¥*F the space of k x k matrices whose components are in
F. We shall need the following function spaces: H*(Q)* consists of k-dimensional
vector fields whose components are in the usual L?-based Sobolev space H*. Let
Div denote the surface divergence on the boundary of 2, and v(z) be the outward
unit normal vector at x € 012, and define the following space of tangential fields:

THE, (99) = {F € H*(9Q) | v+ F =0, and DivF € H%(m)} .

1
THEOREM 2.1. Let ' € THp), (0R). There is a discrete set D containing no
limit points in (0,wo) such that for all w € (0,wp)\D there exist unique (E,H) €
D'(Q2)3 x D'(Q)3 solving the following boundary value problem:
V AE = iw(pH — BE)
(2.5) VAH=—iw(cE + 8H)
VAE|yq =F.
We leave the proof of this to an appendix. We may thus define the boundary
1 1 1
admittance map 11 : THR. (0S2) — THp, (99) as follows. Given F' € THR, (01)
let (E, H) solve (2.5) and define
IIF = H(U A\ E|aQ) =UVA H‘QQ.

The problem considered herein can now be stated. If it is assumed a piori that
1 = po = p (not necessarily constant) in €2, then we have the following:
THEOREM 2.2. Let (Q;e1, 1, £1) and (€; 2, p, B2) be two electromagnetic bodies with
1

the same smooth boundary 02. Suppose that 11y = Ily; that is, if F € THﬁZ.U(@Q)
and (E;, H;) solve (2.5) with parameters (e;,p,3;) for j =1,2, then

ILF=vA H1|3Q =V A H2|3Q =1L F.
If &1 = g5 and By = P2 on O), and the same is true of all normal derivatives at
09, then

(517 M, ﬂl) = (527 My 52)
throughout €.

Remarks: (1) We can, in fact, show that if any of the three parameters are
known a priori to agree in the body, then equality of the boundary maps implies
agreement of the other parameters throughout the body.
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(2) Tt was shown in [4] that II determines the material parameters and their
first normal derivatives at the boundary. It is expected that the technique of [4]
would show that II also determines all the higher order derivatives at the boundary,
however the computations become unmanageable.

(3) The assumption that the parameters agree to all order at the boundary is
necessary only in the construction of the intertwining operators (see section 4).
These operators belong to the Shubin class which requiressmooth symbols. In [13]
Tolmasky showed that such intertwining operators may be constructed for equations
with non-smooth parameters. This technique should remove the necessity of the
assumption at the boundary, and further should lower the regularity assumptions
on the parameters throughout €.

(4) In the case that 81 = B3 = 0, the result of [7] follows without any assumption
on € or p at 9. The reason for this is that exponentially growing solutions are
constructed without the need for intertwining operators, and so the parameters
may be extended outside ) in a non-smooth way.

We shall not impose the condition that g3 = po until necessary at the end of
the proof. Under the assumption of the theorem we may extend the parameters
smoothly to all of R3 so that e; = 9, w1 = pe and [y = [ outside 2, and so that
€j = €0, j = o, B3 =0, j = 1,2 outside a compact set containing Q. Here, €
and po are constants. Fundamental to the proof or theorem 2.2 is the following
identity.

PROPOSITION 2.3. Let (E;, H;) solve (2.1) for parameters (€5, 15, 05;), 3 =1,2. If
H1 = HQ, then

(2.6) / ((B1 — B2)(Hy - By 4+ Hy - Ey) + (61 — €2) By - Ea + (p2 — 1) Hy - Ha) =0
Q
Proof: Integrating by parts, and using the definition of II,

/iw(€1E1+ﬁ1H1)-E2 = 7/V/\H1~E2
Q Q

_ _/ y/\Hl-Eg—/Hl-V/\EQ
o Q

—/ I B, - By — / Hy -iw(puoHy — B2 E9)
o9 Q

and similarly
/ iw(ngg + ﬁQHQ) . E]_ = —/ H2E2 . E]_ — / H2 . iw(,ulHl — ﬁlEl)-
Q Gle) Q
Thus
Z'W/ ((B1 — B2)(Hy - Ex + Hy - Ey) + (61 — €2) By - Ba + (p2 — pa ) Hy - Hy)
Q
= / (IIoEy - By — 111 Fy - Es).
a0
The proposition follows if we show that

/ IIyE, - B = Ey -1, E;.
o0 o2
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Let (Ey, Hp) be the solution to (2.5) with parameters (g2, ug, f2) and with F =
v A E1)sq. Then

/(HQEQ'El—E2~H2E1):/ (I//\HQ'El—E2~V/\H0)
o0 o0

:/ (—HQ-V/\E()—E2~V/\H0)

o0

:/(V/\Hg-EO—H2-V/\EO—E2-V/\H0+V/\E2-HO)
Q

- / (—iw(e2 By + B2Ha) - Eo — Hy - iw(ugHo — B2 Eo)
Q

+ By -iw(e2Eo + foHo) + iw(ueHa — B2E2) - Ho)
=0.

O

The remainder of the paper is devoted to constructing sufficiently many suitable
solutions to Maxwell’s equations to conclude from (2.6) the claim of theorem 2.2.
We present now an outline of the proof.

The aim is to use complex geometrical optics in the manner of [12] and many
subsequent papers; that is we wish to construct exponentially growing solutions
depending on a complex parameter p and to examine the asymptotics as the size
of p gets large. Rather than construct solutions to (2.1) directly, we follow the idea
of Ola and Somersalo in [8] and introduce a new 8 x 8 system

(P(V)+WV)P(V)+ V)Y =(A+N+Q)Y =0

where P(V) and N are first order differential operators, and V', V' and @) are matrix
multipliers. We shall do this in such a way that if Y is a solution to this system,
and

X = (P(V)+ V)Y

is such that the first and last components of X are zero, then the vector fields
(X2, X3, X4)', (X5, Xg, X7)") will solve Maxwell’s equations.

We then construct exponentially growing solutions to (A + N + @)Y, = 0 of the
form

YP = ex‘p(yo’p + 1/);;)

with p € C3 satisfying p - p = w?eguo, with o, an 8-vector which is constant
in z and chosen to depend on p in a convenient way, and v, constructed so that
1, — 0 in some sense as |p| — co. In [8] where chirality was not taken into account
(6 = 0) the system above included no first order term N, and so the authors were
able to use the methods of [12] to construct exponentially growing solutions to a
Schrodinger equation. When 5 # 0, such a reduction does not seem possible, and so
here we must construct solutions to a first order perturbation of the Laplacian. The
techniques employed are those of [5] where Nakamura and Uhlmann constructed
solutions to a system of a similar form arising from elasticity.

The final ingredient is to set X, = (P(V) 4+ V')e*?(yo,, + 1,) and to show that
we can choose 7, , in such a way that X, yields solutions to Maxwell’s equations,
and to use these solutions in (2.6) to prove the claim of theorem 2.2.
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3. A REFORMULATION OF MAXWELL'S EQUATIONS

In this section we introduce a new system of differential equations, the solutions
of which, under certain restrictions yield solutions to Maxwell’s equations. We first
introduce the following 8 x 8 operator

0 V- 0 O
\Y% 0 VA 0
PVI=19 —van 0 v
0 0 V- 0
The domain of P(V) is D'(R3) x D'(R3)3 x D'(R3)3 x D'(R3). We point out that
P(V)P(V) = A.

Our aim is to find 8 x 8 matrices V and V' and write
(PV)+WV)(P(V)+V)=A+N+Q

with N a first order differential operator, and @ a zero order matrix multiplier.
Then if Y solves
(3.1) (A+N+Q)Y =0
and we put
X =(P(V)+ V)Y

we would like (3.1) to imply that in some sense X solves Maxwell’s equations. The
advantage of this reformulation is that we are in the position of seeking solutions
o (3.1) for which a method is known.

We introduce some notation: for X € D'(R3) x D'(R?)? x D'(R3)? x D'(R?) we
shall write

X = (a, A, B,b)".

In order to have X a solution to Maxwell’s equations, we will find Y is such a way
that a = b = 0; for the moment assume that this is the case. We must choose V'
so that (3.1) implies (2.1) and (2.4); in particular, the central 6 rows of (3.1) must
imply (2.1) and the first and last rows must imply (2.4). Let

| Voo Vs . el3 pI3
Vm—|:‘/32 V33], and L_Zw|:—/6.[3 Mfg}

where V};, are the 3 x 3 blocks in the center of V' and I3 is the 3 x 3 identity matrix.
If in fact (A, B) are taken to be (E, H) (that is we don’t rescale the fields in any
way), then (3.1) is equivalent to

- () (5)

and so taking V,,, = L we obtain (2.1). Now set

—B13  pl3 -Vg- Vp- U2 V13

M = , VM. = , and Vy=| _.

[ ely Bl Ve- V@3- 0 Usa  Uas

where 1712 is the 3-vector (’U12,’U13,U14), 1713 = (’015,1}16,’017), 1742 = (Ugg,vgg,vs4),

and v43 = (vss, vsg, vg7) in V. Notice that under the condition that eu + 5% # 0,
M is invertible. Conditions (2.4) are equivalent to

V.-E E\ V-EY\ E
M(V_H>+VM.(H)0, or (V.H>M VM~(H),

—
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and (P(V)+ V)X = 0 implies
V-E E
(v ) o) =

1 [ (uVe+pBVB)- (VB —pBVp) -
ep+p2 | (BVe—eVB)- (eVu+pBVp)-

we have (2.4). At this point, assuming the first and last components a and b of X
are zero, we have determined the central 6 columns of V' so that (3.1) implies that
the fields (A, B) satisfy (2.1). We now remove the assumption that a = b = 0 and
choose the rest of V' and all of V' in such a way that

(P(V)+V)(P(V)+V)=A+N+Q

has as simple a first order term N as possible. This term is determined by P(V)V’'+
V P(V); analyzing this row by row and making choices to eliminate first order terms,
we find that we may choose

so putting

Vo=M"VM.- =

wp U1 U1z iwp —iwe 0 0 —iwf
0 we wfB 0 V= 0 —twp  —iwf 0
0 —iwlB dwp 0 ’ o 0 wfh  —iwe 0
—iwlB  Uss Uag  Iwe wi 0 0 —iwp

V:

and obtain the first order term
1712 -V 71713 -VA 1712 -VA 1713 -V
0 0 0 0
0 0 0 0
Ugg -V —Uyz - VA Uy - VA 43V
We remark that IV has compact support since its components consist of derivatives
of the parameters, which are constant outside of a compact set. The zero order
term () can be calculated easily, but as it will not be needed here we shall not
present it explicitly. We shall use the fact that Q — w?eguol has compact support.
Remark: A natural question to ask is, by rescaling the fields (E, H) can a system
be found that has no first order term, in which case we would have a Schrodinger
equation? Such a system was achieved in [8] for a non-chiral body by rescaling the
fields. For a chiral body, however, the answer to this appears to be no; suppose
that we write (A, B) = R(E, H) for some invertible matrix R of the form

_ [ rids ri2l3 }

N =

ro1ds  1Tool3

and we set
= | Va2 V33 ~ —BIs  pls
Vin = [ Voo Vas } , and L_M[ —ely —fI3
then we find that to satisfy (2.1) we must set
Vw = —-VRAR'—RLR™!
Vo = -VR-R'+RM 'VM-R™!

(the notation should be interpreted in the way that makes sense), and this results
in a first order term whose non-zero components are given by the components of

—2VR-R '+ RM™'VM-R7!;
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we conjecture that there is no choice of matrix R which makes this zero. In [8] the

rescaling matrix is
1
R_ [ £2 0l }
0 p2

and an easy calculation shows that the first order term vanishes when g = 0.
An interesting observation is that no matter what choice of R is made, the sys-
tem obtained by following this construction always leads to solutions to Maxwell’s
equations. The proof of this is more involved than what is presented here, but the
same program carries through.

4. CONSTRUCTION OF SOLUTIONS - INTERTWINING OPERATORS

Recall that we wish to construct solutions to (A + N + Q)Y = 0 with Y of the
form Y = e"?(yo, + 1,). For p € C3 with p- p = w?epuo define the operators

A, =e "PA("".), and N =e "P(N+Q—w’eouo)(e”” )
and so we wish to solve
(4.1) (Ap + N,;L)(yo,p + wp) =0.

We specify 1), later by prescribing its asymptotic behavior. Generally speaking,
our approach is to construct pseudodifferential operators A,, B, and C, of order
zero and depending on the parameter p so that

(A + N A,(yo,0 + 0p) = Bp(Dy + Cp)(Yo,0 + ¥p)-

For sufficiently large p, A, is invertible, and we shall always take our operators to
be properly supported, so that there is no problem defining compositions. This
reduction to a zero order perturbation of the Laplacian enables us to use the ex-
tensive knowledge in the literature of constructing exponentially growing solutions.
Such solutions have been used extensively in identifiability results, initiated by the
conductivity result of [12].

We introduce the class these “intertwining operators” belong to.  Let
Z={peC?®||p| =1, p-p=uw?eono}, and denote by L°(R?, Z) the Shubin class
of order zero (see [10], section 9). We refer the reader to [5] for a discussion of
the Shubin class of operators, and repeat some important properties here. Most
importantly we define the symbol class of L°(R3, Z).

DEFINITION 4.1. Let p € Z; then a,(z,£) € S°(R3, Z) if and only if

(1) a, € C=(R3 x R3) for each fixed p € Z, and
(2) for any multi-indices a, § and compact set K C R3, there exists a constant
Ca,5,x > 0 such that

sup 10883, (w,€)] < Cos i (1 + €] + |p]) 1!
xE

for any £ € R3, p€ Z.

We say that a, is the full symbol of A, in the same way as for usual pseudo-
differential operators. We say A, € L%(R?, Z) is properly supported if there exists
a closed set H C R?® x R? such that the support of the Schwartz kernel of A, is
contained in H for all p € Z and the projections of H onto each factor R? is proper.
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We note that if A, € LO(R3,Z) is properly supported, then we may expand the
symbol o(A,)(z,§) of A, asymptotically as

~ 1
O-(AP)(xag) ~ Z aagD;ap(x,yvgﬂy:m

(e

PROPOSITION 4.2. Let p € C°(R3) be such that ¢ is identically one on Q. Then
there exist operators A,, B, and C, in L°(R3, Z)®*® such that

(4.2) (A, + Ner)Ap = B,(A, + ¢Cypp)

We leave the proof of this to a later section. Let
L3 ={fe L} (R®:|fl;= /(1 +[2?)?| f () Pdw < o0},

and for s € R let H{ be the associated weighted Sobolev space. Assuming (4.2) we
have the following proposition:

PROPOSITION 4.3. Let =1 < 0 < 0 and yo,, be an S-vector constant in x and
bounded in p. Then for sufficiently large |p| there exists ¢, € HZ(R®)®, and constant
C depending only on 6, ¢ and C, such that

(Ap +9Cop) (Yo, +1p) =0

and

C
(4.3) Vol < 7
= )

Proof: We have A, = —oC,pyo., — pCrot,; from [10] C, : H*(R3)® —
H?%(R?)® continuously with operator norm independent of p, and since ¢ is com-
pactly supported, ¢Cppyo,, € Hy, {(R?)®. Let ro > 0; by [12], if |[p| > o > 0, we
may solve

préo) = —pCryo,p
for 1) € H2(R?)® and from the estimates for At in [12],

C(’r‘o, (5)

S+1°

In general, for any j, prcpng*l) € H3 ,(R?)® and so for |p| > ro we solve

pr;()j) - _@prw,()j_l)
with

[ a2 < l0Cpey0,pll mr2

5+17

C(ro,9) ((J’(w,cp))j
ol ol
choosing |p| large enough and putting ¢, = Z;io wéj), we have ¢, € HZ(R?)® for
sufficiently large |p|, and
C
Wl < —.
|| P||H5 |p|

Furthermore, (A, + ¢Co¢)(yo,, + 1) = 0. d
Thus we have a means to construct solutions to (3.1). We have

(Ap + N;)Ap(yO,p + zbp) =0,
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and introducing a cut-off to gain compact support, we put

(4'4) Yp = em.p@Ap(yO,p + ¢p)§

then in Q, (A + N + Q)Y, = 0. In order to construct solutions Y, so that X, =
(P(V) +V")Y, are solutions to Maxwell’s equations, we must ensure that the first

and last components of X,, namely (a,b) are zero. We introduce the notation P(p)
to be the 8 x 8 matrix where p replaces V in P(V).

ProrosITION 4.4. If yo,, s chosen so that the first and last components of
P(p)A,yo,, are zero, then the first and last components (a,b) of X, = (P(V) +
V'Y, are zero.

Proof: Since (P(V)+ V)X, =0, computing

(—iws V- 0 —iwpj

w3 0 V- —iwu) (P(V)+V)X,=0

we obtain ,
a o fep— 0 2ep a\
2 () vt (Mo o) () =0
Now
X, = (P(V)+V)Y,=(P(V)+V)e" 0Ap(yo,p +1p)
= em.p{P(p)@ApQO,p + P(p)¢Ap¢p + P(V)@Ap(yo,p + ¢p)
+V/90Ap(y(),p + ¢p)}
= ez'p{P(p)(pAprp + Xs}7 say.
Writing
a __ ,xp Qo Qs
(5 )=o)+ (5))
we have
@+ e +a) () =0
with

o (ep — 32 2e/3 ) 9
=w —we
1 < —2uB ey — 3? 0o

having compact support. Thus we have

A () +a5) ==a ().

Now X, € L} .(R?)® and has compact support, so in particular (as,bs)" € L3(R?)?.
From [12], (as, bs)’ is the unique solution in L?(R*)? and since (ag,bo)’ = (0,0)’,
the proposition follows.

We will show later, in the proof of proposition 4.2, that the symbol a,(x, &) of

A, is of the form

air a2 - Gy aig
0 0
Is
0 0
| a1 asz - agy ass |
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where Ig is the 6 x 6 identity matrix, and that a,(x,) is homogeneous of degree
zero in € and p. Thus

P (y27y37 ZU4>
7 - +p A (Y5, Y6, Y7)
P 4 _ (21 yo,p)P
(P)pApYo,p = ¢ (@s. - Yo0,p)p — PN (Y2,Y3,Ya)
P (Ys, Y6, yr)

where y; are the components of yo , and d@;. and ds. are the first and last rows of
a,. To satisfy the conditions of proposition 4.4 we must therefore choose yo , so

that p- (y2,y3,94) = p- (Y5, ¥, y7) = 0.

5. PROOF OF THEOREM 2.2

We first investigate the asymptotics in p of A,,.
PROPOSITION 5.1. If f € L?(Q)® then for all x € Q,
Apflx) = ap(x,0)f(z) + R, f(x)
modulo smoothing, and

¢

R <
|| Pf||L2(Q) = 1+ |p|

Il fllz2 )

for a constant C' > 0 independent of p and f. Recall that a,(x,&) is the symbol of

A,.

Proof: Let x € C°(R?) be such that x(z) = 1 on {|z| < 1}, x(z) = 0 on
{|z| > 2}, and let o(y) € C*(R?) be such that

o(y) =1 on {y | 3z € Q with x(z — y) # 0}.
For z € Q,
Af(@) = [ a0, f0)dy e
+ [ = @ = payo€) f )y de
= [ = pay(a oWy dé + (o)

where g; € C°°(R3)® since the second integral is smoothing. Here we have used
o = 1 where x(x — y) # 0. Expanding x in a Taylor series about y = x we have,
modulo smoothing,

Aflz) = / @D Eq (2, €)(0 ) (y)dy dé
- / ¢ (. €) (0 ) (€)de
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where g denotes the Fourier transform of g. We now expand a,(z,§) in a Taylor
series about ¢ = 0 to obtain

A flz) = / €7, (1,0) (0 ) (€)de
+f ”fz@ / (0, a,) (. 1) dt (o 1) (€)de

= a,(z,0) f(m) + RM(af)(x)

modulo smoothing. Let 5(RE,1)) denote the symbol of R(pl); on the one hand, since
a, € SU(R3,Z)8*8

Cl¢l
(1) )| = Zgj/ (Oc,ap)(z,t&)dt| < np

for some constant C' > 0, but on the other hand, since &(R,(;l)) =a,(x,§)—ay(x,0),
it is homogeneous of degree 0 in £ and p, and so

C
5(RWM)| < :
AR <
Therefore,
C C
(1) < - < .
1R, (0 f)llL2) < T o fllz2ms) < Tl I fllz2(0)
We have denoted R,(f) = RS (o f). O

We will need to know the asymptotics of derivatives of X,, and so will use the
following corollaries.

COROLLARY 5.2. If f € H?(Q)® then there exists a constant C' > 0 independent of
f and p such that

P(V)Ayf(z) = (P(V)ay(x,0))f(z) +a,(x,0)(P(V)f)(z)
+R,(P(V)f)(2) + R, f ()

modulo smoothing, and with

R R
IRollL2().L2@) + 1Rl L2 ). 2(0) < T

Here || - || 2(q),02(0) denotes the operator norm.
COROLLARY 5.3. If X, = (P(V)+ V)Y, and Y, is as in (4.4), then in Q,
XP =e"r {P(p)ap(xv O)yO,p + P(p)prO,p + P(p)ap(x, O)Qpp
+(P(V)ap(2,0))yo,p + V'a,(2,0)y0,, + Wy}

and there is a constant C > 0 such that

C
W2y < —-
pIIL2(2) |
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Let Fy and F» be the projections so that F1X = E = (X2, X3, Xy) and Fo X =
H = (X5,X6,X7). We compute the terms of order |p| and |p|® in X,. Since

ay(x,0) = a(po)(x, 0) + O(|p| 1), we may write

P(p)a,(x,0)y0,,+P(p)Rpyo,p+P(p)ay(x,0)1,+(P(V)ay(z,0))yo,,+V'a,(z,0)yo,,
= P(P)agj) (z,0)y0,p + P(p)(w, W, Ws, wa)" + P(p)(ur, Uz, Us, usg)’
+P(P)a(po)(%0)(¢1,1/72,1/737¢4)/ + (P(V)aéo)(xyo))yo,p
+V'al (2,0)y0,, + Olp| )

where all of w;, u;, ¥; are O(|p|~!). Computing the Fy and F, projections of this
we find that the fields are of the form

(5.1) E=e""[(a@ - yo,p)p+pAyser + (w1 +ur + (@1 - ¥p))p
+p A (B + i3 + 3) + V. - Yo,p — WHY234 — 1w BYs67 + O(|P|71)}

and

(5.2) H=e""[(dg.-Yo,0)p — p A yaza + (wy + ug + (ds. - ,))p
—p A (W + Us + 7/72) + Vds. - yo,p + iwfY2szs — iWeYse7 + O(|P|71)} .

We have used yozs = (y2,¥3,94)" and yse7 = (ys,¥s,y7)’. We now make some
choices for p;. Fix k € R? and for s € R, s > 0, let n, £ € R? be such that

(n, k) = (n,§) = (k,§) =0

2 |k[? 2 2
In|* = TJFS + weo ko
€* = 1.
Set
k
P1 =n+z(§+sf)
k
il
so that
(5.3) p1+ p2 =ik
pj - pj = w’eopo, j=1,2.
Define 7; = lim,_,o p;/s and observe that 71 = —7». The parameter s controls the

growth of |p|; that is |p| — oo as s — co.

We must compute the highest order terms in the dot products of the fields to use
in the identity (2.6). Each field is of order one and so we might expect order two
terms in the products; this fails to be the case for the following reason. If 39 ,, and
Yo,p, are chosen to satisfy the condition of proposition 4.4 and y1 = (yo,p, )234, Y2 =
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(Y0,p; )234 for example, then y; - p; = 0 and we find that

pr-p2 = O(pl°)
p1-(y2Ap2) = O(pl%
(p1 Ay1) - (p2 Ay2) = (p1-p2)(yr-y2) — (p1-y2)(p2 - y1)
= (p1-p2)(y1 - y2) — ((ik — p2) - y2)((ik — p1) - 1)
O(lpl”).

Thus the terms which appear to be of order two are in fact of order zero.

We must therefore compute the order one terms in the products of the fields. We
shall choose yq,p, of the form yo ,, = (d1, 0,0, d2)" with 6; € {0,1}. This simplifies
the expressions (5.1) and (5.2) for E and H. Choose first ¥ ,, = ¥0., = (1,0,0,0)".
Then

Sl;ngo ;El “Hy = e®Flal,m - Va2, + a2,m - Val,]
s By = el Vel V)
slggo gEl "By = e®Flalim Va2, + a3 - Val,]
s Lo, = e Vel Vel
where a” is the ij component of a(o)(x, 0). Now 71 = —7» and by (7.2) from the

proof of proposition 4.2,
T 'Vagg)(z,O) = —Npa a0 )(x 0)

P2

where n., = lims_,o, n,,/2s. Thus

T - Vaz- = (nT,L,a(O)(x,O))ij, and 7o - Vay = (nnag?)(x,O))ij

P2

If 7. v . denotes the ij component of Vg for parameters ¢;, p;, 8; (see section 3), and
T = 7'1 = —79 then

Slggog ((Br— B2)(Hy - By + Ha - Ex) + (61 — €2) By - Ea + (2 — pn ) Hy - Ha)dx

& 1 1 1.2 2 2
= / w {(Br = B2) a3, (a1, Ty + ady Us) — aiy (a], 05 + ad, U73)
R3

+afy (ag, T4y + ag, U43) — agy (aF1 07 + a3, 053)] - 7
+ (21 — &) a}, (a1, 05 + ag, Tly) — a1y (aF1 00 + a3, 053)] - 7
+ (p2 — ) a3, (a1, 045 + ag; U3) — ag, (0T, 05 + a3, 083)] - 7}dz =0
The integration extends to all of R? since the parameters have been extended to
agree outside Q. This identity holds for any k& € R3, and so the Fourier transform of

the integrand, and hence the integrand itself, is zero. Repeating these calculations
for the choices

yo,,lh = (1767 67 O)a yO,pz = (0767 6’ 1)?
Yo,p1 = (0a6) 671)’ Yo,02 = (1767 6’ 0);
Yo, = (0,0,0,1), o, = (0,0,0,1)
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and rearranging, we obtain the identity
1 1 ~1 52 1 =2
agy Ay Ugp — Vi1 Vi2 —Vig) | (B — B )
aly al ol — 62 ol —wg) TP
38 18 21 21 Ui1 22
~1
Uja 0
+ | -1 9 o | 0T (51 - 52)
U1 — V11 — V12

~Ufy Uy — Ugh ajy afg) _

+< 0 3 > 7 (e ul)} <a§1 aég) =0
The two matrices involving the aﬁj are invertible by construction, and may be
removed from the identity. If any one of the pairs of parameters is equal, then this
system implies that the other two are equal throughout 2. We illustrate this in the
practically most applicable case, when p; = ps. Assume now that py = pe =
we obtain the following four equations. Let D; = ¢;u + ﬁ?, and for simplicity of
exposition, let us use V, for V - 7.

(5.4) (D1 (uVrea + B2V, B2) — Da(e1Vrpn + B1V-51)) (81 — B2)
—Do(uVrB1 — BiVrp)(e1 —e2) =

(5.5) (D1(pVrBe = BoNrp) — Do(uVe i — BiVep)) (81 — B2) =
(5.6) (D1(B2Vrea — €2V, f2) — D2(51Vrer — e1V: 1)) (61 — B2)
+(D1(uVrea + B2V, f2) — Do(uVrer + B1V:f1))(e1 —€2) = 0
(5.7)(D1(e2Virpt + 32V B2) — Do(pVre1 + 51V 31)) (81 — B2)
+D1(uVr B2 — B2Vrpt)(e1 —€2) = 0

LEMMA 5.4. For all z € R3, V, log(D1/D2) = 0.

Proof: Case I. Assume that 8;(x) — f2(x) = 0 (we shall suppress the explicit
evaluation at x). If also €1 — g2 = 0 then we are done; otherwise, (5.4) and (5.7)
imply pV,.08 = BV, u. Now since V;D; = ¢;V,u + uVre; +28; V.55, (5.6) gives

Dl(VTDQ — €2V7—,u — BVTﬂ) — DQ(VTDl — €1VT,LL — ﬂVTﬁ) =0
and expanding the D; and D5 in this we obtain
DiV;Dy — DoV Dy = (g1 —e2)B(BVrp — 1V, 3)
= 0.

Thus VT IOg(Dl/Dg) = D1VTD2 — DQVTDl =0.

Case II. If 81 — B2 # 0 then (5.4)+(5.7) gives

(D1V: Dy — DoV D1)(B1 — B2)

= (D2(Mvrﬁ1 - ﬁlvrﬂ) - Dl(MvTﬁQ - ﬁQVT/J))(El - 52) =0

by (5.5). Thus again V; log(D1/D32) = D1V,.Dy — D3V, D; = 0. O

Finally, we must show that lemma 5.4 finishes the proof of theorem 2.2. Since
V. log(D1/D3) = 0in R3, D /D, is constant, and hence D; = D, since this is true
outside Q. Now (5.4)+(5.7) together with D; = Dy implies

(5.8) (UNV-BL = B1Vrpp — pN P2 + B2V p)(e1 — €2) = 0;
if pVr B — 51V = pV; Ba — B2V p then
b1 B2

p2V, = = P, 2=
H H
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and so (81 — B2)/p is constant. This constant is zero since f; = (2 outside ,
and hence #; = (2 everywhere. Then (5.6) implies that V. (g1 — e3) = 0 and so
similarly, €1 = €2. On the other hand, if in (5.8) 1 = €4, then by (5.6) eV, —
51Vre = eV, By — $2V,e and in the same manner as above, (31 — 32)/¢e is constant
and again (1 = (.

6. APPENDIX A

Proof of Theorem 2.1: We define the function spaces

H(VA) = {EcL?*Q)?®|VAEcL*Q)?>}
I(-)I(V/\) = {EEH(V/\H V/\E~F:/E-V/\FforallFeH(V/\)}
Q Q
We shall use the equivalent Born-Fedorov formulation
VAE = iwpiH +iwiV AH
VAH = —iwéE—iwéfVAE

which, following the presentation of [11], we may write as

(L—w—B)( fl):o

where
_ —iVA 0 . 2/0\3 2/0\3
L = [ 0 _iv/\:|.D(L)—>L(Q) x L“(Q)°, and
B - %[% —ﬁ].
w2pp2 -1 € 1

The domain of L is D(L) —H (VA) x H(VA); on D(L), L is self-adjoint. In order
to solve Maxwell’s equations with

1
V/\E‘ag =Fec TH]%iv

we write E = E — RF where R is the right inverse of the tangential trace mapping
tr: HY(Q)? — THR,,(09), tr: Ew— v A E|sq.

Then the boundary value problem may be written

omen(£)-(1)

32732 =
w Eftﬁ RF, _ wf:
w2enfB? —1 w2éEnp? —1
LEMMA 6.1. The range of L, R(L), is closed, the mapping L= : R(L) — R(L) N
D(L) emists, and L~ is continuous and compact.

(09)

where
J=iVARF+

This is proven in [3]. From this we have
L*(Q)® x L*(Q)® = Ker(L) ® R(L)

and there is a discrete set S C R containing no limit points such that (L — w)™!
exists and is compact for all w € C\S. The compactness follows from

(L-—w)y =L ' 4wl (L —w)™!
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and the compactness of L™!. For w ¢ S, we want to solve

t-w-wm)( p)=w-a7 ().

Recall that w?éf% —1 # 0 forw € A =C\{w | w € R, |w| > wo}, so on A\S,
B is analytic and (L — w)™! exists; at w = 0, B = 0, so by the analytic Fredholm
theorem (for example [9]), (I — (L — w)’lB)f1 exists for all w € A\(SUS’) for

some discrete set S’ containing no limit points in A\S. The theorem follows with
D=SUS. O

7. APPENDIX B

Proof of proposition 4.2: Let S, = Char(A,) = {£ € R? | — [£]2 +2ip- & —
w?eopo = 0}. In a neighborhood of S,, we will construct 4, = B,, and so in such
a neighborhood, (4.2) is equivalent to
(7.1) [Ap, Ap] + NS A, — AppCrp = 0.

We define 4, by defining its symbol a,(z, &) € S°(R? x R3 x Z)®*® an 8 x 8 matrix.
Write
p=n+ik, with 7,k e R3.
Computing terms of homogeneity of order 1 in £ and p in (7.1) we have
1
(7.2) (Ly +iLy)al® + —
% 3

(0)
P

where a, ’ is the principal symbol of A,

3 3
1 0 1 0
Li=—S -2 Lo= = S (k + &)
1 \p\zmam’ 2 o] Z( j—l-f])ax‘,
]:1 J J:1 J

and n, is the principal symbol of N;r. Observe that so long as L; and Lo are
linearly independent, there is a change of variables mapping L; + iLo to O where

Gol( 0 ., 0),
_2 81’1 8:62 ’

in some of the proofs that follow we shall assume that L; +iL, = 0 to simplify
the exposition. It is easy to see that L, and Lo are linearly independent on and
hence near S,, which for fixed p = n + ik is the circle orthogonal to 1 of radius
|k| —w2eguo and center —k (we take |p| sufficiently large so that |k| — w?eqpug > 0).

We now describe a partition of unity of Rg—space which depends smoothly on p,
and which divides the space into a tubular neighborhood of S, and the complement.
Let

2 1
U, =R €E-5,] < ——= .Ul :{ eR?|1E-85,| < — }
o= {ee® -5l < alolh. ul, = {ec®1le-51< o0

1 2
Uy, = {5 ER |[¢— S| > m'p'}’ u, = {5 ER | -5, > m'p'}

For |p| = 1 let {p1,,, P2} be a partition of unity subordinate to the open cover
{Uy,p,Us p} of Rg, depending smoothly on p, and such that

s 0 s 0
Y1, =1onlUy ,, and 2, =0o0nlUy ,.
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Then {£ | ¢1,(§) = 1 and @3 ,(§) = 0} is a tubular neighborhood of S, of radius
|p|/3v/2. On this neighborhood, L; and Ly are linearly independent. Now extend
@;.p to all of R% x Z to be homogeneous of degree zero in (¢, p) for |p| > 1 say, and
arbitrarily for |p| < 1; that is define

830€) = By (1)
SO
o . A o o
Eianl06) = 8, e (G0 = B3, (150) = B1s(©)

PROPOSITION 7.1. Let —1 < § < 0. There is a unique ago)(x,zf) € S%(R3, Z) solving
(7.2) with aﬁ,o) — I € L3(R3); furthermore, aE,O) is invertible for large p.
Proof: We shall only need the solution on the support of ¢, where L; and Lo
are linearly independent, and so we shall prove the result for 0:
1

7.3 90" + —n,a® =0
(73 o gl

Write a(po) =d,+ 1, and cip = 5dp; thus we must solve

1 = ~ 1
(7.4) (I—i— —n 81> d, =—=——n,.
2lpl " T2l

We shall need the following lemmas.

LEMMA 7.2. If -1 <6 <0 then
1 A

mnpa b L§+1(Ri) - L§+1(R?:Z)
1s compact.

Proof: From [6] Theorem 2.1 (withn =3, p=p' =2, p=46, m=1, r =0),
for v € C§°(R?)

ol < Clldvl 2.,
and since H} is the completion of Cg° (R?) in this norm, the same estimate holds
for all v € HJ(R3) such that dv € L. Thus
O ':L3,, — Hj

continuously. Since n, is compactly supported (in ), we have

1 ) )
L3y “— Hy =5 H' (supp(n,)) —— L(supp(n,)) 25 L3,
cts cts compact cts

LEMMA 7.3. The equation

1 _ -
I+—n 81>d =0
< 2p] ” g

has only the trivial solution in L3, | (R3).
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Proof: With d, = d~'d,, we show that d, = 0 is the unique solution in L? to
= 1
dd, + ——mnpd, = 0.
T

Since supp(n,) C {z | |2| < R} for some R, d, is analytic for |z| > R. From

a1 1 ny(w)d,(w)
27 Ji<p 2 —w 2|pl

dy(z) dw N dw
it follows easily that d,(z) decays to all orders at infinity; since d,, is also analytic
in a neighborhood of infinity, it follows that d,(z) = 0 in a neighborhood of infinity.
Now by (Cor. 5.3.8, [14]) unique continuation implies d,(z) is identically zero. O
From the above lemmas and the Fredholm alternative, there is a unique d, €
L3, soving (7.4), or if we write aE,O) = I1+97%d,, a(po) —1I € L%(R3) and aE,O) solves
(7.3).
To prove that aE,O) is invertible we exploit the structure of n, (see section 3)

Uiz - (p+1i8) —viz A (p+if) vz A(p+if) vz - (p+if)

B 0 0 0 0
e = 0 0 0 0
Ug - (p+1i€) —Us A(p+if) v A(p+i&) az - (p+ i)

This implies that aE,O) is of the form

[ afffil ag,)iz .......... agg ]
0 - 0
Is
0 0
affé)gl ag’)%Q .......... aﬁ,?%s _

where Ig is the 6 x 6 identity matrix. It follows that

0 a(oh a(o%s ~(0
det(a(p )) = det ) o | = det(ag ), say,
a,81 Q88
and &(po) satisfies
= 1 n n
8~(0) - p,11 p,18 ~(0) — 0
ot 20p] | mpst mpss |
and so det(ago)) satisfies
(7.5) ddet(@®) +tr | Pt 018 | qet (™) = 0.
P Npgl Mp8s P

Furthermore, aﬁﬁ) € L%(R2) implies | det aEP)—1| — 0O as || — oo. From this and the
compact support of n,, (7.5) has unique solution with det(dgo)) —1 € L4(R) given
by det(dgo)) = e~ 7 where o1 = (1/2|p|)(np11 + npss). Thus det ago) = det df,o) #0
and a;)o) is invertible. The smoothness of aE;O) follows from differentiating equation

(7.3) and from the fact that the change of coordinates transforming Ly + Ly to 0
is smooth.
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We define a,(oj ) for 7 < 0 iteratively to be homoegeneous of order j in £ and p by
considering terms of homogeneity j+1 in (7.1) and write a, as an asymptotic sum
of the aéj). This completes the proof of proposition 7.1. O

Recall that we have been restricting ourselves to a neighborhood of S, where we
may consider L; + iLs to be 9; now define a, on all of R3 x Rg X Z, by taking
P1,p0p + P2 ,1 - abusing notation, we shall call this a,. Since ¢; , are homogeneous
of degree 0 in ¢ and p, a, € SY(R3 x Rg’ X Zp).

To achieve (4.2) we now define C, € L°(R3, Z) by

(7.6) A,pChrp =[A,, Ayl + N:‘Ap
for large |p| so that A, is invertible. Next we define B, € L°(R3, Z) by
(7.7) B, = @14, 4+ $2,0(8p + N)AL(A, + 0Cp)

observing that A, + ¢C\¢ is invertible on suppgs , which is disjoint from S,. To
summarize, where ¢1 , = 1, A, = B, and we have (4.2) via (7.1); where ¢, , = 1,
(7.7) gives (4.2), and in between,

Bp(Ap + ‘Pcp@) = ¢l7pAp(Ap + (PCpQO) + 952,p(Ap + N:)Ap
= (951,/) + @zn)(Ap + N;)AP
by (7.6). This completes the proof of proposition 4.2. O
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